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Abstract. We consider the capability of p-groups of class two and odd prime 
exponent. The question of capability is shown to be equivalent to a statement 
about vector spaces and linear transformations, and using the equivalence we 
give proofs of some old results and several new ones. In particular, we estab- 
lish a number of new necessary and new sufficient conditions for capability, 
including a sufficient condition based only on the ranks of G/Z(G) and [G, G\. 
Finally, we characterise the capable groups among the 5-generated groups in 
this class. 



1. Introduction. 

In his landmark paper [12] on the classification of finite p- groups, P. Hall re- 
marked: 

The question of what conditions a group G must fulfill in order 
that it may be the central quotient group of another group i?, 
G = H/Z(H), is an interesting one. But while it is easy to write 
down a number of necessary conditions, it is not so easy to be sure 
that they are sufficient. 
Following [11], we make the following definition: 

Definition 1.1. A group G is said to be capable if and only if there exists a group 
H such that G ^ H/Z{H). 

Capability of groups was first studied in [2], where, as a corollary of deeper 
investigations, he characterised the capable groups that are direct sums of cyclic 
groups. Capability of groups has received renewed attention in recent years, thanks 
to results in [3] characterising the capability of a group in terms of its epicenter; and 
more recently to work of [7] that describes the epicenter in terms of the nonabelian 
tensor square of the group. 

We will consider here the special case of nilpotent groups of class two and expo- 
nent an odd prime p. This case was studied in |13) . and also addressed elsewhere 
(e.g., Prop. 9 in 7J). As noted in the final paragraphs of [Tj, currently available 
techniques seem insufficient for a characterisation of the capable finite p-groups of 
class 2, but a characterisation of the capable finite groups of class 2 and exponent p 
seems a more modest and possibly attainable goal. The present work is a contribu- 
tion towards achieving that goal. We began to study this situation in [18]; here we 
will introduce what I believe is clearer notation as well as a general setting to frame 
the discussion. We will also be able to use our methods to extend the necessary 
condition from 13 to include groups that do not satisfy Z{G) = [G,G], and to 
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provide a short new proof of the sufficient condition from [7]. We will also prove a 
sufficient condition which is closer in flavor to the necessary condition of Heineken 
and Nikolova. 

In the remainder of this section we will give basic definitions and our notational 
conventions. In Section [2] we will obtain a necessary and sufficient condition for 
the capability of a given group G of class at most two and exponent p in terms of 
a "canonical witness." In Section [3] we discuss the general setting in which we will 
work from the point of view of Linear Algebra, and the specific instance of that 
general setting that occurs in this work is introduced. We proceed in Section 2] to 
obtain several easy consequences of this set-up, and their equivalent statements in 
terms of capability. In Section [5] we use a counting argument to give a sufficient 
condition for the capability of G that depends only on the ranks of G/Z{G) and 
[G, G]. Next, in SectionEl we prove a slight strengthening of the necessary condition 
first proven in 13J, which also depends only on the ranks of G/Z{G) and [G, G]. 

In Section [7] we characterise the capable groups among the 5-generated p- groups 
of prime exponent and class at most two. We also give an alternative geometric 
proof for a key part of the classification in the 4-generated case, since it highlights 
the way in which the set-up using linear algebra allows us to invoke other tools 
(in this case, algebraic geometry) to study our problem. We should mention that 
the approach using linear algebra and geometry has been used before in the study 
of groups of class two and exponent p; in particular, the work of Brahana [4l[5] 
exploits geometry in a very striking fashion to classify certain groups of class two 
and exponent p in terms of points, lines, planes, and spaces in a projective space 
over Fp. This classification, found in [4], will also play a role in our classification in 
the 5-generated case, allowing us to deal with certain groups of order p^ and p^ . 

Finally, in Section [8] we discuss some of the limits of our results so far, and state 
some questions. 

Throughout the paper p will be an odd prime, and ¥p will denote the field with 
p elements. All groups will be written multiplicatively, and the identity element 
will be denoted by e; if there is danger of ambiguity or confusion, we will use 
ec to denote the identity of the group G. The center of G is denoted by Z{G). 
Recall that if G is a group, and x^y G G, the commutator of x and y is defined 
to be [x,y] = x~^y^^xy; we use x^ to denote the conjugate y~^xy. We write 
commutators left-normed, so that [x, y, z] = [[x, y], z]. Given subsets A and B of G 
we define [A, B] to be the subgroup of G generated by all elements of the form [a, b] 
with a ^ A, b £ B. The terms of the lower central series of G are defined recursively 
by letting Gi = G, and Gn+i — [G„, G]. A group is nilpotent of class at most k if 
and only if Gk+i — {e}, if and only if Gk C Z{G). We usually drop the "at most" 
clause, it being understood. The class of all nilpotent groups of class at most k 
is denoted by Olfc. Though we will sometimes use indices to denote elements of a 
family of groups, it will be clear from context that we are not refering to the terms 
of the lower central series in those cases. 

The following commutator identities are well known, and may be verified by 
direct calculation: 

Proposition 1.2. Let G be any group. Then for all x,y, z £ G, 

(a) [xy,z] = [x,z][x,z,y][y,z]. 

(b) [x, yz] = [x, z] [z, [y, x]] [x, y] . 

(c) [x,y,z][y,z,x][z,x,y] = e (mod G4). 
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(d) [x-,y'] = [x,yr[x,y,x]<'-)[x,y,vr^i) (mod G4). 

(e) [y-',x'] = [x,y]"''[x,y,x\-''^)[x,y,y]-''^^^) (mod G4). 
Here, (2) = "-i"^-^) j^^. iji^ggg^g 

As in [T7], our starting tool will be the nilpotent product of groups, specifically 
the 2-nilpotent and 3-nilpotent product of cyclic groups. We restrict Golovin's 
original definition [9] to the situation we will consider: 

Definition 1.3. Let Ai, . . . ,An be nilpotent groups of class at most k. The k- 
nilpotent product of Ai, . . . ,An, denoted by Ai Jl'^'' ■ ■ ■ U'^'' An, is defined to be 
the group G — F/Fk+i, where F is the free product of the Ai, F — Ai * ■ ■ ■ * An, 
and Fk+i is the (fc + l)-st term of the lower central series of F. 

From the definition it is clear that the fc-nilpotent product is the coproduct in 
the variety so it will have the usual universal property. Note that if the Ai 
lie in Olfe, and G is the (fc + l)-nilpotent product of the Ai, then G G 7tk+i and 
G/Gk+i is the fc-nilpotent product of the Ai. 

When we take the fc-nilpotent product of cyclic p-groups, with p > fc, we may 
write each element uniquely as a product of basic commutators of weight at most fc 
on the generators, as shown in in [23l Theorem 3]; see [TOl §12.3] for the definition 
of basic commutators which we will use. In our applications, where each cyclic 
group is of order p, the order of each basic commutator is likewise equal to p. 

Finally, when we say that a group is k-generated we mean that it can be generated 
by fc elements, but may in fact need less. If we want to say that it can be generated 
by fc elements, but not by m elements for some m < fc, we will say that it is 
minimally k-generated, or minimally generated by fc elements. 

2. A CANONICAL WITNESS. 

The idea behind our development is the following: given a group G, we at- 
tempt to construct a witness for the capability of G; meaning a group H such that 
H/Z{H) = G. The relations among the elements of G force in turn relations among 
the elements of H. When G is not capable, this will manifest itself as undesired 
relations among the elements of H, forcing certain elements whose image should 
not be trivial in G to be central in H. 

When G is a group of class two, this can be achieved by starting from the 
relatively free group of class three in an adequate number of generators. However, 
any further reductions that can be done in the starting potential witness group H 
will yield dividends of simplicity later on; this is the main goal of the following result; 
the argument for condition (ii) appears en passant in the proof of '13', Theorem 1] . 

Theorem 2.1. Let G be a group, generated by gi, . . . , gn. If G is capable, then 
there exists a group H, such that H/Z{H) = G, and elements hi, . . . ,hn G H 

which TRdp onto ^1, • ■ . , Qnj 

respectively, under the isomorphism such that: 

(i) H = {hi, . . . , hn) , and 

(ii) The order of hi is the same as the order of gi, i = 1, . . . ,n. 
Moreover, if G is finite, then H can be chosen to be finite as well. 

Proof. If G is capable, then there exists a group K such that K/Z{K) ^ G; if G is 
finite, then by [HI Lemma 2.1] we may choose K to be finite. 
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Pick fci , . . . , fc„ e K mapping to 51 , . . . , g„ , respectively, and let M be the 
subgroup of K generated by fci,...,fc„. Since MZ{K) = K, it follows that 
Z{M) = M n Z{K), hence M/Z{M) ^ K/Z{K) ^ G. Thus, replacing K by 
M if necessary, we may assume that K is generated by fci, . . . , fc„, mapping onto 
51, . . . ,5„, respectively. 

Fix iQ G {1, . . . , n}; we show that we can replace K with a group iJ with gen- 
erators hi, . . . ,/i„, such that H/Z{H) = G, where hi maps to gi for each i, the 
order of is the same as the order of g^-,, and for all i ^ Iq, the order of hi is the 
same as the order of ki. Repeating the construction for io = 1, . . . , n will yield the 
desired group H. 

Let C = (x) be a cyclic group, with x of the same order as kig , and consider KxC. 
Let m be the order of gig (set m = if gig is not torsion), and consider the group 
M — {K X C)/((fc™, a;"™)). Since the intersection of the subgroup generated by 
(fc™, x~™) with the commutator subgroup oi KxG is trivial, it follows that if (fc, x") 
maps to the center of M, then [(fc, x"), KxC] must be trivial, so fc g Z{K). That 
is, Z(M) is the image of Z{K) x C. Therefore, M/Z{M) ^ {K x C)/{Z{K) xC)"^ 
K/Z{K) = G. Note that the isomorphism identifies the image of {kj^x"') with gj 
for all j and all integers a. 

For i ^ iQ, let /i^ be the image of {ki,e) in Af ; and let hig be the image of 
{kig,x^^) in Af. Finally, let H be the subgroup of M generated by /ii,...,/i„. 
Then HZ{M) = Af, so once again we have H/Z{H) = M/Z{M) ^ G, and the 
map H — > H/Z{H) = G sends /i^ to gi. Moreover, the order of hig is equal to the 
order of gig . This finishes the construction. □ 

This result now allows us to give a very specific "canonical witness" to the 
capability of G. 

Theorem 2.2. Let G be a finite noncyclic group of class at most two and exponent 
an odd prime p. Let gi, . . . ,gn be elements of G that project onto a basis for G^^ , 
and let F be the 3-nilpotent product of n cyclic groups of order p generated by 
xi,. . . ,Xn, respectively. Let N be the kernel of the morphism ^: F ^ G induced 
by mapping Xi t-^ gi, i = 1, . . . ,n. Then G is capable if and only if 

G^{F/[N,F]) / ZiF/[N,F]). 



Proof. Sufficiency is immediate. For the necessity, assume that G is capable, and 
let H be the group guaranteed by Theorem 12.11 such that G = H/Z{H). Note that 
H is of class at most three. Let 6: H/Z{H) ^ G be an isomorphism that maps 
h.iZ{H) to gi. 

Since /ii,...,/i„ are of order p, there exists a (unique surjective) morphism 
if.F-^H induced by mapping Xi to hi, i = 1, ... ,n. If tt: if — > H/Z(H) is 
the canonical projection, then we must have Omp = ^ hy the universal property of 
the coproduct. Thus, (p{N) = ker(7r) = Z{H), so [A^, f^] C ker((/3), and Lp factors 
through F/[N,F]; surjectivity of ip implies that ip{Z{F/[N, F])) C Z{H), hence 
G ^ H/Z{H) is a quotient of {F/[N,F]) / Z{F/[N,F]). 

On the other hand, N[N,F] C Z{F/[N,F]), so G ^ F/N = F/N[N,F] has 
{F/[N,F]) I Z{FI{N,F\) as a quotient. 
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Thus we have that G has {F/[N,F]) / Z{F/[N,F]) as a quotient, which in 
turn has G as a quotient. Since G is finite, the only possibihty is that the central 
quotient of F/[N, F] is isomorphic to G, as claimed. □ 

Corollary 2.3. Let G be a finite noncyclic group of class at most two and exponent 
an odd prime p. Let gi, . . . , (/„ be elements of G that project onto a basis for G^^ , 
and let F be the i-nilpotent product of n cyclic groups of order p generated by 
xi,. . . ,Xn, respectively. Let ip: F G be the map induced by sending Xi to g^, 
i = 1,...,?T.. Finally, let C be the subgroup of F generated by the commutators 
[xj^Xi], 1 < i < j < n. If X is the subgroup of C such that ker(V^) — X (S Fj,, then 
G is capable if and only if E C \[c, F] C [X, F]^ — X . 

Proof. Let N — ker(-0). By Theorem l2.21 G is capable if and only if G is isomorphic 
to the central quotient of F/[N, F]. Thus, G is capable if and only if the center of 
F/[N,F] is N/[N,F], and no larger . 

An element h[N, F] e F/[N, F] lies in Z{F/[N, F]) if and only if [h, F] C [TV, F]. 
Since G is of exponent p, F3 C N C F2 and so [TV, F] = [X, F] C F3. In particular, 
we deduce that if h[N, F] is central, then h must lie in F2. Write h — cf, with c £ C 
and f £ F3. Then [Vi, F] = [c, F], so h[N, F] is central if and only if [c, F] C [X, F]. 

If {c e G I [c,F] C [X,F]} = X, then it follows that h[N,F] is central if and 
only ii h = cf with c £ X and f £ F^, which means that h[N, F] is central if and 
only if /i G TV. Hence, the center of F/[N, F] is TV/ [TV, F], and G is capable. 

Conversely, assume that G is capable. Then the center of F/[N,F] is equal to 
N/[N, F]. Therefore, X C {c £ G \ [cJ]c[X,F]}CNr]G = X, giving equality 
and establishing the corollary. □ 

One advantage of the description just given is the following: both F2 and F3 are 
vector spaces over Fp, and the maps [—, f]: F2 F3 are linear transformations for 
each f £ F; hence, the condition just described can be restated in terms of vector 
spaces, subspaces, and linear transformations. While all the work can still be done 
at the level of groups and commutators, the author, at any rate, found it easier to 
think in terms of linear algebra. In addition, once the problem has been cast into 
linear algebra terms, there is a host of tools (such as geometric arguments) that 
can be brought to bear on the issue. 

We will discuss this translation and more results on capability below, after a 
brief abstract interlude on linear algebra. 

3. Some linear algebra. 

We set aside groups and capability temporarily to describe the general construc- 
tion that we will use in our analysis. 

Definition 3.1. Let V and W be vector spaces over the same field, and let {£i}i£i 
be a nonempty family of linear transformations from V to W. Given a subspace X 
of V, let X* be the subspace of W defined by: 

X* = span(^,(X) |i e /). 

Given a subspace Y of W, let Y* be the subspace of V defined by: 

Y* = f]i-\Y). 

It will be clear from context whether we are talking about subspaces of V or W. 
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It is clear that X d X' ^ X* <Z X'* for all subspaces X and X' of V, and 
likewise Y C Y' ^ Y* C Y'* for all subspaces Y, Y' of W. 

Theorem 3.2. Let V and W be vector spaces over the same field and let 

be a nonempty family of linear transformations from V to W . The operator on 

subspaces of V defined by X t-^ X** is a closure operator; that is, it is increasing, 

isotone, and idempotent. Moreover, (^X**)* = (^X*)** = X* for all subspaces X 

ofV. 

Proof. Since ti{X) C X* for all i, it follows that X C X** , so the operator is 
increasing. If X C X' , then X* C X'* , hence X** C X'** , and the operator is 
isotone. The equality of (X**)* and (X*)** is immediate. Since X C X** , we 
have X* C {X**)*. And by construction ii{X**) C X* for each i, so (X**)* C X* 
giving equality. 

Thus, (X**)** = (X***)* = {X*)* = X**, so the operator is idempotent, finish- 
ing the proof. □ 

It may be worth noting that while this closure operator is algebraic (the closure 
of a subspace X is the union of the closures of all finitely generated subspaces 
X' contained in X), it is not topological (in general, the closure of the subspace 
generated by X and X' is not equal to the subspace generated by X** and X'**). 

The dual result holds for subspaces of W: 

Theorem 3.3. Let V and W be vector spaces over the same field, and let 

be a nonempty family of linear transformations from V to W . The operator on 

subspaces ofW defined byY^-^ Y** is an interior operator; that is, it is decreasing, 

isotone, and idempotent. Moreover, (Y**)* = (y*)** = Y* for all subspaces Y 

ofW. 

Proof. That the operator is isotone follows as it did in the previous theorem. Since 
(i{Y*) C Y for each i, it follows that Y** C Y, showing the operator is decreasing. 
Set Z ^ Y**; by construction, Y* C £i^{Z) for each i, so Y* d Z*. Therefore, 
Z = Y** C Z** C Z. Thus Z — Z**, proving the operator is idempotent. 

Again, the equality of (Y**)* and (Y*)** is immediate. To finish we only need 
to show that Y* is a closed subspace of V. From Theorem 13.21 we know that 
Y* C (Y*)**; since Y** C Y, it follows that (Y*)** = (Y**)* C Y*, giving 
equality. □ 

As above, the interior operator is algebraic but in general not topological. How- 
ever, we do have the following result: 

Lemma 3.4. Let V and W be vector spaces over the same field, and let {£i}i£i be a 
nonempty family of linear transformations from V to W. If A and B are subspaces 
of V, then {A + B)* = A* + B*. 

Proof. Since A and B are contained in A + B, we have A* ,B* C {A + B)* , and 
therefore A* + B* C (A + B)*. Conversely, if w G (A + B)*, then we can express w 
as a linear combination w = i^-^ (ai + fei) + • • • + (a^ + bk), with G A, bi G B. 

This gives w = (^e,, {ai) + ■■■+£,, (ofe)) + (^£,, (6i) + ■ ■ ■ + £^, (bk)) e A* + B* , 

proving the equality. □ 

The lemma implies that (A B)* = A* + B*: however, in general we cannot 
replace the sum on the right hand side with a direct sum. 
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Given a family of linear transformations {£i : V — + M^}ie/, we will say a subspace 
X of is {ii}i£i -closed (or simply closed if the family is understood from context) 
if and only ii X = X** . Likewise, we will say a subspace F of W is {£i}i^i-open 
(or simply open) if and only if Y — Y** . 

It is easy to verify that the closure and interior operators determined by a 
nonempty family of linear transformations is the same as the closure opera- 

tor determined by the subspace of C{V, W) (the space of all linear transformations 
from V to W) spanned by the £i. Likewise, the following observation is straight- 
forward: 

Proposition 3.5. Let V and W be vector spaces, and X be a subspace of V . 
Let {£i}iei be a nonempty family of linear transformations from V to W, and 
let ip € Ant{V). Lf we use ** to denote the {£i}ii=i closure operator, then the 
{£iip~^}i^i-closure of ip^X) is tp{X**). Ln particular, X is {£i}-closed if and only 
ifip{X) is {£iip~^}- closed. Lf {£i} and {£iip~^} span the same subspace of C{V,W), 
then X is closed if and only if iplX) is closed. 

Back to capability. To tie the construction above back to the problem of ca- 
pability, we introduce specific vector spaces and linear transformations based on 
Corollary 12. 31 We fix an odd prime p throughout. 

Definition 3.6. Let n > 1. We let U{n) denote a vector space over Fp of dimen- 
sion n. We let V{n) denote the vector space U{n) A U{n) of dimension (2) . Finally, 
we let W{n) be the quotient {V{n) (g) U{n))/J, where J is the subspace spanned by 
all elements of the form 

(a A b) c -1- (b A c) (g) a + (c A a) b, 

with a, b, c S U. The vector space W{n) has dimension 2(" J"'^). If there is no 
danger of ambiguity and n is understood from context, we will simply write C/, V, 
and W to refer to these vector spaces. 

The following notation will be used only in the context where there is a single 
specified basis for U, to avoid any possibility of ambiguity: 

Definition 3.7. Let n > 1, and let U, V, and W be as above. If Ui, . . . ,'u„ is a 
given basis for U, and i, j, and k are integers, 1 < i,j,k < n, then we let Vji denote 
the vector Uj A Ui of V, and Wjik denote vector of W which is the image of Vji Uk. 
The "prefered basis" for V (relative to ui, . . . will consist of the vectors Vji 
with I < i < j < n. The "prefered basis" for W will consist of the vectors Wjik 
with 1 < i < j < n and i < k < n. 

To specify our closure and interior operators on V and W , we define the following 
family of linear transformations: 

Definition 3.8. Let n > 1. We embed U into C{V,W) as follows: given u G U 
and V e V^, we let </?u(v) = v (g u, where x denotes the image in of a vector 
Cz V ® U . If ui, . . . , u„ is a given basis for U and i is an integer, 1 < « < n, then 
we will use fi to denote the linear transformation tp^i ■ 

The closure operator we will consider is determined by the family {(/Ju | u G U}. 
As noted above, if mi, . . . ,u„ is a basis for U, then this closure operator is also 
determined by the family {(pi, . . . , (pn}- 
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Going back to the problem of capability, let F be the 3-nilpotent product of 
cyclic groups of order p generated by xi, . . . ,Xn- We can identify F2 with 
by identifying Vji with and Wjik with [xj , Xi, Xk]', this also identifies W 

with F3. 

Let G be a noncyclic group of class at most two and exponent p, and let 51 , . . . , (7„ 
be elements of G that project onto a basis for G^^. If we let tp : F ^ G he the 
map induced by mapping Xi 1— > gi and N = ker('0), then as above we can write 
N — X (B F^, where X is a subgroup of C — {[xj,Xi] | 1 < i < j < n). Thus, we 
can identify X with a subspace of V by identifying the latter with the subgroup G ; 
abusing notation somewhat, we call this subspace X as well. 

Theorem 3.9. Let G, F, G , and X he as in the preceding two paragraphs. Then 
G is capable if and only if X is {(fj^ \ u G U}-closed. 

Proof. We know that G is capable if and only if {c G C | [c, F] C i-'^, } = X. Iden- 
tifying G with V and F3 with VF, note that ipi is a map from G to F3, corresponding 
to [— , Xi]. Thus, X* CW corresponds to [X, F] C F3, and X** corresponds to the 
set {c g C I [c, F] C [X, F]Y Therefore, G is capable if and only if 



In other words, the closure operator codifies exactly the condition we want to 
check to test the capability of G. Thus the question "What n-generated p-groups 
of class two and exponent p are capable?" is equivalent to the question "What 
suhspaces ofV{n) are {ip^ \ u € U}-closed?" 

Of course, different subspaces may yield isomorphic groups. In particular, if we 
let GL(n,p) act on U, then this action induces an action of GL{n,p) on = U /\U; 
if X and X' are on the same orbit relative to this action, then the groups G and H 
that correspond to X and X' , respectively, are isomorphic. By Proposition 13. 51 the 
closures of X and X' will also be in the same orbit under the action and G will be 
capable if and only if H is capable. 

Also of interest is the description of the closure of X when G is not capable. It is 
clear that the quotient of G determined by X** is the largest quotient of G that is 
capable. That is, X** /X is isomorphic to the epicenter of G, the smallest normal 
subgroup N < G such that G/N is capable. In most cases where a subspace X is 
not closed, therefore, we will attempt to give an explicit description of X** rather 
than simply prove X is not closed. 

The following explicit descriptions of the linear transformations tpu, relative to 
a given basis, will also be useful and are straightforward: 

Lemma 3.10. Fix n > 1, let ui, . . . ,Un be a basis for U , and let Vji, Wjik be the 
corresponding bases for V and W . For all integers i, j, and k, 1 < i < j < n, 
I < k < n, the image of Vji under ipk in terms of the prefered basis of W is: 



X ^ {^r (^V I (/7u(v) e X* for aU u G C/} = X** , 



as claimed. 



□ 




4. Basic applications. 



In this section, we obtain some consequences of our set-up so far. We assume 
throughout that we have a specified "preferred basis" {ui} for U, from which we 



ON THE CAPABILITY OF FINITE GROUPS OF CLASS TWO AND PRIME EXPONENT 9 

obtain the corresponding basis {vji \ l < i < j < n} for V , and likewise the basis 
{wjik \ 1 < i < j < n, i < k < n} ioY W. 

The foUowing observations foUow immediately from the definitions: 

Lemma 4.1. Fix n > 1, and let k be an integer, I < k < n. 

(i) (fik is one-to-one, and W = {(pi{V), . . . ,ipn{V)). 

(ii) The trivial and total subspaces of V are closed. 

(iii) The trivial and total subspaces of W are open. 

Definition 4.2. Let i,j,k be integers, l<i<j<n, i<k<n. We let 
TTji : V — + (vji) and iTjik : W — > {wjik) be the canonical projections. 

Lemma 4.3. Let w € If iTrsti'^) 0; l<s<r<n, s<t<n, then 

s < k < t, and at most one of the inequalities is strict. 

Proof. It is enough to prove the result for w an element of a basis of (pk{V). Such 
a basis is given by the vectors Wjik with l<i<j<n, i<k<n, and the vectors 
Wjki — Wikj with 1 < i < j < n and 1 < k < i. Considering these basis vectors, we 
see that the first class has r = j, s = i, t = k, so s < k — t. The second class of 
vectors will yield either r — j,s — k, t — i, with s = k < t; or else r — i, s — k, 
t = j, with s = k < t. This proves the lemma. □ 

Lemma 4.4. Let i,j be integers, 1 < i < j < n, and r an integer such that 
I < r < n. For v G V , TTjij{ipr{^)) 7^ if and only if TTjiiv) ^ and r = j. 
Likewise, TTjii{ipr{'y)) ^ if and only if TTji{'v) ^ and r — i. 

Proof. The vectors Wjij occurs in the image of a ipr exactly when r = j and it is 
applied a vector with nontrivial nji projection. Thus, if TTjij (v) 7^ then nji (v) 7^ 0. 
The converse is immediate, and the case of nju is settled in the same manner. □ 

Lemma 4.5. Fix i,j, I <i < j < n. Ifnji{X) {0}, then TTji{X**) = {0}. 

Proof. Since Trji{X) = {0}, it follows that Trjii{X*) — {0} by Lemma [4.31 There- 
fore, if V e y has njt{v) ^ then ipt{v) ^ X*, hence v ^ X**. Thus, Trji{X**) = 
{0}, as claimed. □ 

These lemmas suffice to establish a result of Ellis [TJ Prop. 9], which appears as 
Corollary 14.71 below. 

Theorem 4.6. If X is a coordinate subspace relative to a basis for U (that is, there 
is a basis ui, . . . , u„ such that X is generated by a subset of {vji \ l<i<j<n}), 
then X is closed. 

Proof. Suppose S C {vji 1 1 < « < j < n} is such that X — (S). By the previous 
Lemma, we have that X** C (5); therefore, (S) = X C X** C (S) = X, and so 
X = X**. □ 

Corollary 4.7 ([7|, Prop. 9]). Let G be a group of class two and exponent p, and let 
xi, . . . ,Xn be elements of G that project onto a basis for G/Z{G). If the nontrivial 
commutators of the form [xj, Xi], 1 < i < j < n, are distinct and form a basis for 
[G,G], then G is capable. 



Proof. Such a G corresponds to an X that is a coordinate subspace of V , so capa- 
bility follows from Theorem 14.61 □ 
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The big, the small, and the mixed. The following definition and proposition 
will be needed below. 

Definition 4.8. Let n be an integer greater than 1, and i an integer, 1 < i < n. 
We define 11^: V ^ • ■ • , i'i,i-i, Vi+i^i, . . . , Vn^i) to be the canonical projection. 

Proposition 4.9. Let n > 1 and i be an integer, 1 < i < n. Let Wi he the subspace 
ofW spanned by the basis vectors Wrst, l<s<r<n, s<t<n, such that exactly 
one of r, s, and t is equal to i. Lf X is a subspace of V such that Ili{X) = {0}, 
then X* n Wi = y^iiX) and X is closed. 

Proof. That fi{X) is contained in Wi follows because Ili{X) is trivial. Since the 
subspace {ipj{X) \j^i) is contained in the subspace spanned by basis vectors Wrst 
in which none of r, s, t are equal to i, we have X* = (pi{X) © {ipj{X) \j^i) and the 
equality of intersection follows. To show X is closed, let v G X**. By Lemma [4.51 
we know that ni(v) = 0, and so (fiiiv) lies in X* O Wi ~ (pi{X). Since (pi is 
one-to-one, we deduce that v g X. Thus, X is closed. □ 

Fix a basis mi, . . . , zi„ for U. Given r, 1 < r < n, we can divide these basis vectors 
into "small" and "large" , according to whether their indices are less than or equal 
to r, or strictly larger than r, respectively. From this, we obtain a similar partition 
of the corresponding basis vectors Vji, I < i < j < n of V , and Wjik, I < i < j < ri, 
i < fc < n for W. Namely, we write V = Vs®Vm®Ve, W = Ws® W^s ® W^i ® We, 



where: 




V, = 




K^ = 




Vi = 




Ws = 


(wjik 


Wms = 


(wjik 


Wmi = 


(wjik 


We = 


(wjik 



I < i < j < rj, 
l<i<r<i<n'^ 
r < i < j < n^, 
^ 1^ i < j 1^ 1^,1 1^ k < r^ , 

l<i<j<n,i<k<n, either j < r or k < r, but not both^. 



l<i<r<j,k<nj, 
r < i < i < n,i < k < n 



We refer informally to Vs as the "small part" of V , and its elements as "small 
vectors;" Ve is the "large part" and contains the "large vectors;" and Vm will be 
called the "mixed part" while its elements will be refered to as "mixed vectors." A 
similar informal convention will be followed with W , calling Wg the "small part," 
We the "large part," Wms the "mixed-small part," and Wme the "mixed-large part" 
of W^. 

Lemma 4.10. Notation as in the previous paragraph. If n > 1 and r is an integer, 
I < r < n, then: 

(i) V:cWs®Wms- 

(ii) V; C Wme® We. 

(iii) V;^ = Wms®Wrne- 
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Proof. Note that the indices involved in the image of ipk{vji) are i, j, and k. Thus, if 
both i and j are small (resp. large), then all images are either small or mixed-small 
(resp. mixed large or large); and if i is small and j is large, then all images are mixed. 
This proves (i) and (ii), and also proves that is contained in Wms ® W^mf- To 
finish the proof of (iii), suppose that Wjik is one of the generators of Wms ®Wm£, as 
described above. Note that we must have i < r in either case. Then Wjik = (pkivji). 
If j > r, then Vji € Vm, so Wjik € V^. If, on the other hand, j < r, then we 
must have k > r since Wjik is either mixed-small or mixed-large. Then we know 
that Wkij € Vj^ by the immediately preceding argument. Also, Vkj S Vm, hence 
^i{vkj) = Wkij - Wjik e Vm- Since Wktj € Vm, we deduce that wjik S Vm as well, 
and this finishes the proof of (iii). □ 

In the following theorem, cls{Xs) is meant to stand for the "small closure of Xg" ; 
that is, the {(pi}l^i-c\osme oi Xg; likewise, c\e{Xi) is the "large closure of X(." 

Theorem 4.11. Let n > 1, and let r be an integer, 1 < r < n, as above. Suppose 
that Xs is a subspace of Vs , and Xg is a subspace of Vg . Then: 

(i) {Xs®Xi)* ^x*®x^. 

(ii) {Xs®Vm®Xi)* = {^i{Xs) \l<i< r)®Wms®Wmi®{ViiXi)\r <i<n). 

(iii) Xs ® X£ is closed. 

(iv) Ifc\s{Xs) is the {(pi}l^i-closure of Xg and c\i{Xi) is the {LpiYl^^j^i-closure 
of Xi, then (X^ ®Vm® Xi)** = cls(Xs) ®Vm® cl^(X^). In particular, the 
subspace X^ ® Vm ® Xg is closed if and only if Xs is {ipi}l^i-closed and Xg 
is {ipiYl^^j^T^-closed. 

Proof. Part (i) follows from Lemma 13.41 and from Lemma I4.10r i) and (ii) . 
To prove (ii), note that by Lemmas 13.41 and 14.101 we have: 

{Xs®Vm®Xgy - x; + v:^ + xi 

= {V'^iXs) \l<i<n)+ Wms + Wmi + {ip^{Xg) 1 1 < i < n) 

- {V'AXs) \l<i<r) + Wms + Wmi + {v^{Xl) \l<i<r). 

Now simply observe that the first summand is contained in Ws and the last in Wg 
to deduce that the sum is direct. 

Moving on to (iii), by Lemma H31 we know that {Xs®Xf)** C K,©V^. Let Vg-I-Vf 
be an element of {Xs®X()** , with Vs a small vector, and V£ a large vector. Then for 
each i, ipi{vs -I- v^) G X* © X^ . Thus, we must have ipi{vs) G X* and Vi(v^) G Xg 
for each i, so G X** and G X^*. Thus, {X^ Xi)** C X;* ® Xp, and the 
reverse inclusion follows because the closure operator is isotonic. It is then enough 
to show that each of Xg and Xi are closed, and since Ili{Xi) = n„(Xs) = {0}, 
this follows from Proposition l4.9l 

Finally, for (iv), note that if j > r, then ipjiVs) C Wsm C V^, so cls{Xs) is 
contained in the closure; similarly, cli{Xi) is contained in the closure, so we always 

have clsiXs) ®Vm® ch{Xi) C {Xs ®Vra® Xe)** . 

Let V = v„i -h V£ G {Xs ®Vm® Xi)**, with G T4, G Vi, and v„ G Vm. 
Since Vm is contained in the closure, v is in the closure if and only if Vj + is in 
the closure. We further claim that Vg + is in the closure if and only if each of Vs 
and are in the closure. One implication is immediate. For the converse, suppose 
that Vs -I- Vi is in the closure, and i < r. Then by (ii) we have: 

^^{^s) + ^^{^e) e {iPj{Xs)\j < r) © Wms ® Wme ® iVjiXi) \r <j <n). 
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In particular, tpi{vs) £ {ipj{Xs) 1 1 < J < t")- Since Vs is contained in (pJ^{Wms) for 
all j > r, we conclude that Vg lies in the closure of Xg ® Vm ® Xg, and hence so 
does Vf. This proves the claim. 

Finally, observe as above that lies in the closure if and only if (^i(vs) lies in 
{(pj{Xs) 1 1 < J < 7") for i = 1, . . . , r, if and only if lies in cls(Xs); and similarly 
that vi lies in the closure if and only if it lies in c\i{Xe). Thus, the closure of 
Xs(BVm(B Xi is equal to cls(Xs) ®Vm(B cli{Xe). This proves the theorem. □ 

The theorem gives the following two interesting corollaries: 

Corollary 4.12. Let Gi and G2 he any two nontrivial groups of class at most two 
and exponent an odd prime p. Then G = Gi G2 is capable. 

Proof. If Gi is minimally r-generated, and G2 is minimally s-generated, then G is 
minimally n = r + s generated. If we number the generators of Gi as gi, . . . , 17^, 
and those of G2 as 5r+i, ■ ■ ■ , 9n, then the subspace of V corresponding to G will be 
of the form Xg (B Xg, where Xg Vg, Xg C Vg; namely, Xg corresponds to Gi, and 
Xg corresponds to G2. By Theorem 14. 1 If iii) . this subspace is always closed. □ 

Corollary 4.13. Let Gi and G2 be two finite p-groups of class at most two and 
exponent p. Then Gi © G2 is capable if and only if each Gi is either nontrivial 
cyclic or capable. 

Proof. Proceeding as above, note that the subspace of V corresponding to Gi ® G2 
is equal to Xg ® Vm (B Xg, so by Theorem 14. 1 If iv) . this subspace is closed if and 
only if Xg is closed and Xg is {(/7i}"^^^_j-closed. For noncychc Gi this is 

equivalent to being capable, while for cyclic Gi the closure conditions are trivially 
met. □ 

In turn, this yields the following important consequences: 

Theorem 4.14. Let G be a p-group of class at most two and exponent p. Then 
G ® Gp is capable if and only if G is cyclic of order p or capable. 

Corollary 4.15. Let G be a p-group of class exactly two and exponent p. Lf we 
write G = K(BGp, where r > is an integer and K is a group of class two satisfying 
Z{K) = [X, if], then G is capable if and only if K is capable. 

Note that any group of class exactly two and exponent p can be written in the 
form specified by this corollary. 

Amalgamated direct products and amalgamated coproducts. We saw in 

Corollarv l4.12l that if we take two nontrivial groups of class two and exponent p, 
then their coproduct (in this variety) will always be capable, while the capability 
of a direct sum depends on the factors. 

We will now deal with two similar constructions, the direct product with amal- 
gamation and the coproduct with amalgamation. The first construction includes 
central products (see for example [121 Section 2.2]) but is more general. 

Definition 4.16. Let G and K be two groups, and let H he a subgroup of Z{G). 
Let (j): H Z[K) be an embedding. The amalgamated direct product of G and K 
( along (j)) is the group G x,/, K given by 

^ GxK 
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The maps sending g {g, e) and k (e, k) embed copies of G and of K into 
G K, respectively, and the intersection of these images is exactly H (identified 
with (f){H)). When H — Z{G) and is an isomorphism, the construction is called 
the central product of G and K in [15 , where it is denoted hy G o K. All extra- 
special p-groups other than those of order may be constructed as central products 
of smaller extra-special groups. 

The following result was inspired by doing an automated brute force search 
for non-closed subspaces X of dimensions seven and eight when n = 5. It was 
performed with the computer algebra system GAP [S]. I was able to find many 
examples, and by examining them was led to the result below. The statement of the 
linear algebra theorem is somewhat complicated, but it leads to a straightforward 
group-theoretic corollary: if G and K are groups of class two and exponent p, H is a 
nontrivial subgroup of [G, G] , and embeds H into [K, K] , then the amalgamated 
direct product G K is not capable. 

Theorem 4.17. Let n > 3, and let r be an integer, 2 < r < n — 2. Let Xs and Xi 

be subspaces ofVs and Ve, respectively, and let H be a nontrivial subspace ofVs such 
that LI n Xs — {0}. Let (p: H ~^ Vi be an embedding such that (t>{H) H Xe — {0}. 
Finally, let X be the subspace X = Xs ® Xi ® Vm ® {h - 4>{h) \ h e H}. Then the 
closure of X** is the direct sum of the {if closure of Xs © LI, the {<(2i}"=r-i-i" 
closure of Xi © (t>{LI) , and Vm ■ In particular, X is not closed. 

Proof. Note that by Lemma liJOT iii). we have Wms © Wmi — V*^ C X*. Next, note 
that XnH = Xr] ip{H) = {0}. 

We claim that H* C X*, and therefore that H C H** C X**. Indeed, let 
h G H, and let k be an integer, 1 < fc < n. If fc < r, then (pk{(j){h)) g Wme 
(since 0(/i) G Ve), so ipk{h) = ipk{h - 4>{h)) + ipkWh)) e X* + W^e = X* . And 
ii r < k < n, then ipk{h) S Wms Q X* . Thus, ipk{h) G X* for fc = 1, . . . , n, hence 
h e X**. This proves that H* C X* , hence H C H** C X**. 

Thus, the closure of X contains Xs ® H (B Xg ® (j){II) © Vm. The description of 
the closure of X now follows as in the proof of Theorem 14 . 1 1 f ivl . We conclude that 
X is not closed, because H is nontrivial, H C\ X = {0}, yet H C X** . □ 

Corollary 4.18. Let Gi and G2 be two nonabelian groups of class two and expo- 
nent p, let H be a subgroup of [Gi,Gi], and let (p: H [6*2, 6*2] be an embedding. 
If G is the amalgamated direct product G = Gi x^G2, then G is capable if and only 
if H = {e} and both Gi and G2 are capable. 

Proof. Let r be the rank of Gf^, s the rank of Gf^, and n = r + s. Since Gi and 
G2 are nonabelian, we must have 2 < r < n — 2. The subspace X corresponding to 
Gi X G2 is of the form Xs © Vm © X^, with Xs and X^ determined by Gi and G2, 
respectively. Abusing notation, the subgroup H can be made to correspond to 
a subspace H of Vs with H n Xs = 0, and (f> induces a linear transformation 
(j): H ^ Vg which can also be chosen to have 0(-ff) HXg = {0}. The subspace of V 
corresponding to Gi x^G2 is then equal to X = X s® Xi(BVm® {h — '.p{h) \ h € H}. 
li H = {0}, then we are in the situation of Corollarv l4.13l And ii H ^ {0}, then 
X is not closed by Theorem l4.17l This proves the result. □ 

The following is of course well-known, and can be proven using other methods: 

Corollary 4.19. Let G be an extra-special p-group. Then G is capable if and only 
if it is of order p^ and exponent p. 
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Proof. If G is not of exponent p, then it is generated by elements of order p and 
one element of order p^ (see for example [HI Theorem 2.2.10]) and therefore is not 
capable by [T71 Theorem 3.12]. So we may assume G is of exponent p. If G is of 
order p^"''"^ with n > 1, then it is isomorphic to a direct product with amalgamation 
of the extra-special p-group of order p^ and exponent p, and the extra-special p- 
group of order and exponent p, identifying their commutator subgroups; as 

such, it is not capable by Corollary 14. 181 above. The extra-special group of order 
p^ and exponent p is closed the coproduct of two cyclic groups of order p, and thus 
is capable by Corollarv l4.12l □ 

We move now to the case of the coproduct with amalgamation. 

Definition 4.20. Let G and K be two groups of class at most two and exponent p. 
Let H he a, subgroup of [G, G], and let (j): H ^ [^t^] be an embedding. The 
amalgamated coproduct of G and K ( along </> j is the group GU^^ K given by: 



GMT 



{h(l){h)-^\hG H}' 

Note that the elements h and are central, so the subset given above is in 

fact a normal subgroup. Again, it is easy to 

In general, if G, G D^2, H is an arbitrary subgroup of G, and cj): H ^ K 
an embedding, then the coproduct with amalgamation G U^^ K may or may not 
contain copies of G and K; and even if it does contain copies of G and K, their 
intersection may be strictly larger than H. There are necessary and sufficient 
conditions for each of the situations, given in [inilSnilSI]- When G and K are 
of exponent p and the identified subgroups are contained in the corresponding 
commutator subgroups, however, GII^^ K always contains copies of G and K, and 
these copies intersect exactly at H. 

As before, the statement of the linear algebra result is somewhat complex; the 
group-theoretic version is unfortunately not as simple as it was in the case above, 
so we will present instead an easy-to-state consequence. 

Tiieorem 4.21. Let n > 3 and let r be an integer, 2 < r < n — 2. Let and 

Xi be subspaces of Va and Vi, respectively, and let H be a subspace ofVs such that 
H n Xs = {0}. Let (f): H ^ Vi be an embedding such that (t>{H) D Xp = {0}- 
Finally, let X he the subspace of V given by X ^ X^ ® Xi (B {h — (t>{h) \ h € H}. 
//cls(Xs) is the {tpi}l^i-closure of Xg and cli{Xi) is the {ipi}'^^^,_^_j^-closure of Xi, 
then the closure of X is given by: 

X** ^ X ® {h e H I he c\,{X,) and (j){h) G cl^(X^)}. 

Ln particular, X is closed if and only if 

{heH I he chiX,) and (j){h) e c\e{Xi)} = {0}. 



Proof Note that X C {Xs ® H) ® {Xe ® (j){H)); the latter subspace is closed by 
Theorem I4.1ir iii). so it contains X**. Thus, to describe the closure of X it is 
enough to determine exactly which h e H lie in the closure. 

Suppose that h e HnX**. Then ipi{h) e X* ior i ^ 1, . . . ,n; 6x i < r. Then we 
know that there exist xi, . . . ,Xn G Xg, yi, ■ ■ ■ ,yn G Xi, and hi, . . . ,hn e H such 
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that 

(Pi{h) = (pi{xi +yi + hi- <p{hi)) H h (fni^n + yn + hn- HK))- 

By looking at the Wg, Wms, Wme, and We components, we deduce that: 

ipi{h) = ipi{xi+hl)-\ \- iPr{Xr + hr), 

= ipr+l{Xr+l + hr+l) -\ h Vn(a;„ + /l„), 

= (Pl{yi - <A(/ll)) H h </?r(2/r - (f>{hr)), 

= (fr+liUr+l - (p{hr+l)) -\ h ifniUn - (t>{hn)) ■ 

Now, ipr+i{xr+i + hr+l) is the only term in the expression that lies in Wms and 
involves generators Wjik with one of j or k (in fact, k) equal to r + 1. Thus, we 
must have cpr+iixr+i +hr+i) = 0, which in turn gives Xr+i = /tr+i = (p{hr+i) = 0, 
since (pr+i and (p are embeddings and H (1 Xg = 0. Similarly, we deduce that 
Xr+i = Xr+2 = ' ' ' = Xn = hr+l = hr+2 = • • • = /in = 0. Wc arc thcn left with 

tpr+iinr+i) H 1- Vn{yn) = as the only equation involving . . . , y„, and so 

we may also assume Vr+i = ■ ■ ■ = y,, = 0. 

Consider now ipi{yi - H + (pr{yr - 4>{hr))- Again, </'i(2/i - Hhi)) is 

the only term in the expression that lies in Wme and involves generators Wjik with 
i = 1. Thus, wc must have ipi{yi — 4>{hi)) = 0, and as above we deduce from 
this that yi = (f>{h\) = since <pi and (j) are embeddings and (i>{H) fl = 0. 
Similarly, we obtain y^ = y2 = ■ ■ ■ = yr = hi = ■ ■ ■ = hr = 0. And so we 
obtain = ipi {xi) + • • • + (pr{xr) for some vectors Xi,. . . ,Xr € X^. That is, if 

hG Hn X**, then h is cls{X,). 

A symmetric argument, considering ipi{(t>{h)) with i > r yields that if ip{h) lies 
in X**, then ifi{h) must lie in cli(Xi). Since h - 0{h) G X** for all h e H, we 
obtain that a necessary condition for /i G if to lie in the closure is that h £ c\s{Xs) 
and (t){h) G c\e{Xi). The theorem will be proven if we can show that this condition 
is also sufficient. 

Suppose that h E H O c\s{Xs) is such that 4>{h) lies in c\e{Xe). Then each of 
ipi{h),...,iprih), tpr+ii<j){h)), . . . ,ipni<J){h)) lie in X*. Since ipi{h - (j){h)) G X* 
for all i, we deduce that (pi{h) G X* for all i, so h E X** . This proves that the 
condition given is also sufficient, and so proves the theorem. □ 

Corollary 4.22. Let G and K be two nonabelian groups of class two and expo- 
nent p. Let H be a nontrivial subgroup of [G, G], and let (p: H ^ [K,K] be an 
embedding. If either G or K are capable, then so is the amalgamated coproduct 
GE^^ K. 

Remark 4.23. It is perhaps interesting to note that when we passed from coproducts 
and direct products to their amalgamated counterparts, a kind of reversal took 
place. The coproduct of two nontrivial groups in our class is always capable, while 
the capability of the direct product depends on the capability of the two factors. 
However, when we amalgamate nontrivial subgroups of the commutators, then the 
amalgamated direct product which is never capable, while it is in the amalgamated 
coproduct that capability depends on the capability of the two groups (and the 
precise choice of H). 
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5. Dimension Counting. 



In this section we will establish a sufficient condition for the capability of a 
p-group G of exponent p and class at most two that depends only on the ranks 
of G/Z{G) and [G, G]. The idea is the following: given a subspace X of V, we 
will find a lower bound for the dimension of X* in terms of n and the dimension 
of X. If all subspaces X' of V that properly contain X yield subspaces X'* of 
dimension strictly larger than d\m{X*), then it will follow that X must be closed 
since X* = {X**)* . In order to establish these bounds, we will consider the images 
(fi{X)^ ip2{X), . . . ,ipn{X); since each ipi is one-to-one, the dimension of X* will 
depend on how much "overlap" there can be among these subspaces of W. 

Lemma 5.1. Fix n > 1, and let i and j be integers, 1 < i < j < n. Then 



Proof. Let <^i(v) G ipj{V), and assume that 7rsj.(v) ^0, l<r<s<n. If r < i, 
then 7r3,.i((pi(v)) ^ 0, and since <y5i(v) € ipj{V), Lemma [4.31 implies r < j < i, 
contradicting the choice of i and j. If i < r, then TTsiri'Pii'v)) 7^ 0. By Lemma l473l 
we must have i < j = r. We also have iTrisi'fiii'v)) ^ 0, and since (piiv) G fjiV), 
this time we deduce i < j ^ s. But then we have j = r ^ s, and this is impossible. 
This contradiction arises from assuming iTsriy) =/= for some 1 < r < s < n, hence 
V = 0. □ 

Lemma 5.2. Fix n > 1 and r < n. Let ii,. .. ,ij. be pairwise distinct integers, 
1 < < n. Then ip~_^{{ipi2{V), . . . ,Lpi^{V))^ is of dimension ('^2^), with 

basis given by the vectors Vab, with a,b £ {i2,...,*r}; b < a. In particular, the 
intersection ipi-^^{V) O {ipi2{V), . . . ,(pi^(V)') has a basis made up of vectors of the 
form Wabii with a,b G {i2, ■ ■ ■ ,ir}, b < a and b < ii; and vectors of the form 
Waitb - Wbt^a, with a, be {i2, • ■ • , ir}, ii <b < a. 

Proof. By Proposition 13. 5[ it is enough to consider the case where ii = 1. Let A 
denote the puUback described in the statement. 
Given a, 6 G {i2, . . . , v}j a > 6, we have Vab S A: 

^niVab) = Wai^b - Wbi^a = Vb{Vaii) - ^a{vbii) € ('/S^JV"), . . . , (pi^{V)) . 

Conversely, let v G ^, and let a, b be integers, 1 < 6 < a < n, such that 7rah(v) ^ 0. 
We can write 



Since ii = 1, T^aibi'-PiA^)) = —T^biai'-PiA^)) 7^ 0; ^'^'^ therefore we must have 
T^aibi^iji^j)) 7^ for some j > 2. This implies I < ij < b, with at most one 
inequality strict by Lemma 14.31 Since 1 = ii =/= ij, we have ij = b. Considering nbia 
instead, we deduce that a ~ ik for some fc > 2, so a, 6 G {12, . . . Therefore, 
A C {vab I a, 6 G {12, . . . , ir}, a > b). This proves equality. 

Since the vectors described are linearly independent, they form a basis. Mapping 
them via tpi-^ , which is one-to-one, proves the final clause. □ 

Corollary 5.3. Let n > I, r < n, and let 1 < ii < i2 < ■ ■ ■ < ir ^ n be integers. 
Then 



^,{v)n^,{V) = {o}. 



t^il ( v) = (yf^a ( V2 ) H \-firi^r)- 




r 
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Proof. For simplicitly, let Y = {tpi^ {V), . . . , ipi^{V)). We have: 

dim(y) = (^dim(<^,,(y))J - (^dim(^i,(y)n(<p,,(y),...,<^,,_,(F))) J 

\fc=l / \fc=2 / 

= <^)-(s(^O)-0-(3)' 

as claimed. □ 

Definition 5.4. Fix n > 1. We define $: ^ to be 

$(vi,. .. ,v„) = </?i(vi) H l-</9„(v„). 

If there is danger of ambiguity, we use $„ to denote the map associated to the 
spaces corresponding to the particular choice of n. 

Note that if X is a subspace of V, then = X*. 

Proposition 5.5. The kernel of ^ is of dimension (g) . A basis for her {^) can be 
determined as follows: each choice of integers a,b,c, l<a<b<c<n, gives an 
element (vi, . . . , v„) € of the basis, with: 



Vcb 


ift^a, 


-Vca 


ifi = b, 


Vba 


ifi = c, 





otherwise. 



Proof. Denote the element corresponding to a < 6 < c by v^^^^) . Note that V(o(,c) 
is in ker($): 

*(V(a5c)) = V>a{Vcb) + V>b{-Vca) + V>c{Vba) = Wcab - Wbac - Wcab + Wbac = 0. 

Since $ is surjective, dim(W^) = ndim(y) — dim(ker($)), hence 

, f n\ fri + l\ (n 

dim(ker(<i>)) = n - 2 



2) \ 3 J V3 
so the proposition will be established in full if we prove that the elements V(abc) of 
are linearly independent. 
Let Pabc'Vabc = (0, . . . , 0) bc a linear combination equal to zero. If we look at 
the ith coordinate of these n-tuples, we have: 

^ ^ Prsi'^sr ^ ] Pris'^sr ~1~ ^ ] Pirs'^sr ~ 0. 

l<r<5<z<ri l<r<i<s<n l<i<r<s<n 

Each basis vector Vgr occurs only once. Thus, if i e {a,b,c}, then (3abc = 0. This 
holds for each choice of i, hence Pabc = for all choices of a, b, c. This proves the 
V(a6c) a-rc linearly independent. □ 

Theorem 5.6. Let (vi, . . . , v„) G ker($). Write 



(i) If i — k or j = k, then a^^^ = 0; i.e., n/j(vfe) = 0. 



(ii) Ifl<a<b<c<n, then a^^J = a^^^ = —a. 



ca • 
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(iii) Fix 1 < i < j < n. Then 



r— 1 r— 'i+l r— j + 1 



i — 1 j — 1 n 

n.(v.) - EH'0-.^+ E E 

r— 1 r—i-\-l r— j + 1 

Proof. Part (i) holds for the basis elements described in Proposition 15. 5[ hence 
holds for all vectors in the kernel. For part (ii), note that iil<a<b<c<n, 
then 



7r6ac(<;5l(vi) + 


\-VniVn)) = 


f (c) 

("L - 


(a 




TTcab ('^l(vi) + 


l-Vni^n)) = 




(a 
'O^cb 




Since both are equal to zero, 


we deduce that a^,^"* 


(a) 
= "c6 


and 


aca = Finally, 



for (iii), we know that Ili{-Vi) = = from (i), so we can write: 

■i— 1 j—l n 

n»(v,) = E"-"-+ E""^"+ E""^"' 

r— 1 r— i+1 r— j + 1 



i— 1 J — 1 n 

r— 1 r— i+1 r— j + 1 



and applying (ii) gives the desired identities. □ 

Corollary 5.7. Let v e ker($). Ifllj{vi) = 0, then = 0. In particular, if 

Vi = 0, then Ili{'Vj) = for all j . 

Proof. The second assertion follows immediately from the first. The first assertion 
is trivial if i = j; for i ^ j, then a"^^ = for all r < j and a^,*^ = for j < r, so by 
Theorem 15. 6f iii) it follows that ni(vj) = 0. □ 

Corollary 5.8. Let w e ker($), v 7^ (0, . . . , 0). If v = (vi,...,v„) then the 
dimension of (vi, . . . , v„) is at least 3. 

Proof. Write 

V = E Pabc^(abc)- 
l<a<b<c<n 

Fix a,b,c such that l<a<b<c<n, (3abc 7^ 0. We claim that Vq, v;,, and Vc 
are linearly independent. Indeed, note that I\-a{^a) = nb(vf,) = nc(vc) = 0, and 
7rcb(va) ^ 0. Therefore, if aaV^ + Q!(,V(, + ctcVc = 0, then we must have ckq = 0. A 
symmetric argument looking at tTco shows that ai, = 0, and considering 7rf,a shows 
that Qfc = 0. □ 

Corollary 5.9 (Prop. 4.6 in [Hj)- Fix n > \, and let X be a subspace of V. If 
dim(X) ^ 1, then dim(X*) = n; i/dim(X) = 2, then dim(X*) = 2n. 

Proof. We prove the contrapositive. Since dim(X*) = n dim(X)— dim(X"nker("I>)), 
if dim(X*) < ndim(X), then X" n ker($) ^ {0}. 

Let V = (vi, . . . , v„) e X" n ker($), v ^0. Then e X for i = 1, . . . , n, so by 
Corollary 15. 81 dim(X) > 3, as claimed. □ 
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We now proceed along the lines outlined at the beginning of the section. We 
first formalize the observation made there. 

Proposition 5.10. Let X < V. Assume that for all subspaces Y of V, if Y 
properly contains X then Y* properly contains X* . Then X ~ X** . 

Proof. If X** properly contains X, then X*** would properly contain X* . But 
X*** = X*, a contradiction. □ 

We are therefore searching for a function /(fc, n), defined for fc with 1 < fc < (2), 
such that for aU X < V{n), if dim(X) = k then dim{X*) > nk - f{k,n). This is 
given by: 

/(fc, n) = max{dim(X" n ker($„)) \ X < V, dim{X) = k}. 

Our objective in this section is to find an expression for /(fc, n) in terms of fc and n; 
in fact, it turns out that the value is independent of n. The main workhorse in 
our calculations will Lemma [5 . 1 21 below. The idea is to find dim(X" n ker(<i>„)) by 
examining the "partial intersections" ; namely, the intersections of the form 

|(0,...0,v,,Vi+i,...,v„) Vj e X^P|ker($„), 

as i ranges from 1 to n — 2 (when i — n— 1 or i = n, the intersection is trivial by 
Corollary 15. 8|) . For a fixed i, we can consider the subspace of X consisting of all 
vectors Vj which can be "completed" to an element of ker(<I>) by taking and n-tuple 
with i — 1 copies of 0, followed by V;, followed by some vectors in X; this is the 
same as considering the puUbacks X n ip~^ {{ipi+i{X), . . . , ipn{X))). It is easy to 
verify that the sum of the dimensions of these puUbacks is equal to the dimension 
of n ker($„). We will first use the dimension of these puUbacks to establish 
a lower bound for the dimension of X; then we will turn around and use these 
calculations to give an upper bound for the dimension of the puUbacks in terms of 
the dimension of X. 

Making the bounds as precise as possible, however, requires one to keep track of 
a lot of information; this in turn requires the use of multiple indices and subindices 
in the proof, for which I apologize in advance. To illustrate the ideas and help the 
reader navigate through the proof, we will first present an illustration. This is not 
an example in the sense of a specific X , but rather a run-through the main part of 
the analysis we will perform below, but with specific values for some of the indices 
and some of the variables to make it more concrete. 

Example 5.11. Set n = 6, and let X be a subspace of V. We will be interested 
in bounding above the dimension of Zi in terms of dhn(X), where 

Z, = Xn^r^(^{^,+i{X),...,MX))); 
i.e., Zi consists of all v G X for which there exist Vi+i, . . . , ve in X such that 
(0,...,0,v,v,+i,...,V6) e X«nker($6). 

To do this, we will obtain a lower bound for dim{X) in terms of dim(Zi). To 
further fix ideas, set i = 2. Note that by Theorem IS.Gf i) and (ii), we must have 
Ili{Z2) = 112(^2) = 0. Order all pairs lexicographically from right to left, so 
(j, i) < (6, a) if and only if i < a, or i — a and j < b. Doing row reduction, we can 
find a basis vi_2, V2,2, • ■ ■ , 'Vk,2 for Z2 (the second index refers to the fact that these 
vectors are in the second component of an element of ker(<i>6)), satisfying that the 
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"leading pair" (smallest nonzero component) of each is strictly smaller than that of 
its successors, and all other vectors have zero component for that pair. For example, 
suppose that dim(Z2) ~ 4, and that the basis has the form: 

vi,2 = W43 + ait^sa + a2i'64, ^z.i = W54 + 7'f^64, 

V2,2 = W63 + /3^^64, V4,2 = ^65, 

for some coefficients ai,a2,/3,7 G Fp. We know there exist vectors v^^a, Vi^4, 
Vj,5, Vi,6 such that (0, Vi,2, Vi,3, Vj,4, v^^s, Vi^g) e n ker($6) for i = 1,2,3,4. 
Naturally, X contains all twenty vectors, but there will normally be some linear 
dependencies between them: some may even be equal to 0. We want to extract, in 
some systematic manner, a subset that we can guarantee is linearly independent. 
First let us consider the information we can obtain about these vectors from our 
knowledge of the vectors Vi^2- 

Since (0, Vi_2, v^^a, Vi^4, v^^s, v^^g) lies in ker(<I>), we can use Theorem I5.6f iii) to 
describe the Hi-image of each vector v^^ , where i < 2 and j > 2. The Hi-image 
must be trivial, and for the H2 image we obtain the following: 

n2(vi,3) = V42 + aiW52, n2(v2,3) = ^62, 

n2(vi,4) -W32 + a2W62, n2(v2,4) = /3w62, 

n2(vi,5) = -ait;32, n2(v2,5) = 0, 

n2(vi,6) = -Q!2W42- n2(v2,6) = -^32 - /3w42- 



n2(v3,3) = 0, H2(V4,3) = 0, 

n2(v3,4) = V52 + JV62, n2(v4,4) = 0, 

n2(v3,5) = -U42, n2(v4,5) = W62, 

n2(v3,6) = -7^'42- n2(v4,6) = -W52- 

One way to obtain these without too much confusion is as follows: to find H2 (vjjt), 
go through the expression for Vj_2 replacing all indices fc by 2, remembering that 
Vab — —Vba- Any Vba in which neither a nor b are equal to k are simply removed. 

To extract systematically a set of linearly independent vectors, we proceed in the 
following manner: consider all the pairs which are leading components of the basis 
vectors •Vi^2] in this case, (4, 3), (6, 3), (5, 4), and (6, 5). The individual indices that 
occur are 3, 4, 5, and 6. For each of them, we identify the smallest pair in which it 
occurs. Thus, 3 first occurs in pair number one, as does 4. The index 5 first occurs 
in pair number three, and 6 first occurs in pair number two. 

Since the first pair in which 3 appears is the first pair (corresponding to the 
first basis vectors Vi_2, (4,3), where it is paired with 4, we will select the vector 
Vi 4; this vector has first nontrivial component (3, 2). The next index is 4, again in 
the first pair, paired with 3; so this time we select vi_3. This has nontrivial (4,2) 
copmonent, and trivial component for all (j, z) < (4,2). 

The next index is 5, which first occurs in the third pair (corresponding to V3^2) 
paired with 4. So we select V3^4, a vector with trivial (j,i) component for all 
(j, i) < (5, 2), and nontrivial (5, 2) component. Next we go to the index 6, that first 
occurs in second pair together with 3; so we select the vector V2,3, a vector with 
nontrivial (6,2) component, and trivial component for all < (6,2). 
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In summary, we want to consider our original basis vectors vi^2, V2,2, V2,3, 
and V2,4, plus the vectors we have selected based on the location of the indices, 
to wit the vectors vi^4, Vi 3, V3 4, V2,3 corresponding, respectively, to the indices 
3, 4, 5, and 6. The choices we have made ensure that the n2-images of these 
latter four vectors are linearly independent, and so the vectors themselves must 
be linearly independent. Since I\-2{Z2) = 0, the full collection of eight vectors is 
linearly independent, and so we can conclude that X must have dimension at least 
8. 

What is more, note that none of the four vectors Vi^4, Vi_3, V3^4, and V2,3 will 
occur in a similar analysis involving Z3 (or more generally Zi with i > 2): when 
performing a similar analysis, all vectors will have trivial Hi-image when i < 3, and 
these vectors have nontrivial n2-image. Note as well that the number of indices, in 
this case 4, must satisfy dim(Z2) < (2), since we need to be able to obtain at least 
dim(Z2) pairs out of the indices that occur. 

Thus we have seen that if dim(Z2) = 4, then dim(X) > 8. If we move on to ^3, 
we will obtain new vectors that must lie in X; while the vectors in the basis for Z2 
may again occur in that analysis, the vectors vi^4, vi.3, V3_4, and V2,3 will not, and 
so by keeping track of them we can give an even better lower bound for dim(X). □ 

What ensures that this process will work the way we want is how we choose the 
vectors of the basis and the vectors that "correspond" to each index. The former 
count towards the value of dim(X" n ker(<I'„)), while the latter may be removed 
from consideration when we move on to Zi^i. This is all done in generality in the 
proof of the following promised lemma: 

Lemma 5.12. Fix n> \, and let X be a subspace ofV. For each i, 1 < i < n, let 

Z, = Xn^T^({^,+^[X),...,^^{X)))- 

i.e., Zi consists of all v Cz X for which there exist v^+i, . . . , v„ in X such that 

(0,...,0,v,v,+i,...,v„) e X"nker($). 

// dim(X n {vsr |i < r < s < n)) = di and dhn(Zi) = ri, then ri < {"^^2^'). 
Morevoer, if Si is the smallest positive integer such that ri < then we must 

have di+i < di — Si. 

Proof. Fix «0i 1 *o ^ For simplicity, write r = r^^. By Theorem [521 if v S Zi^ 
then Ili{v) = for all i < io. 

Let viig, . . . , Vrig be a basis for Zi^. We will modify it as follows: 
Order all pairs (j, i), io < i < j < n hy letting (j, i) < (6, a) if and only if i < a 
or i = a and j < b (lexicographically from right to left). Let (ji, zi) be the smallest 
pair for which T^jiiiiykio) 7^ for some k, I < k < r. Reordering if necessary 
we may assume fc = 1. Replacing Vii^ with a scalar multiple of itself and adding 
adequate multiples to the remaining v^i^ if necessary we may also assume that 

, , J Wjiii if fc = 1; 

I^/^^OJ - I Q if fc^ 1. 

Let (j27*2) be the smallest pair for which 7i'j2j2 (^feio) fo'' some fc, 2 < fc < r. 
Again we may assume k — 2, and that 

Vj^i.^ if fc = 2; 
if fc ^ 2. 
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Proceeding in the same way for fc = 3, . . . , r, we obtain an ordered list of pairs 
(ji: «i) < [32,12) <■■■ < [jr, ir) and a basis vu^ , . . . , v^o such that 



(Vfe»o) 



ae^k; 



and such that TTba i^kio) = for aU (6, a) < {jk,ik)- Write Vfc^ = af{''°\^ 
From the above we have: 



io<i<j<n 



\ if < 

For k — 1, . . . , r and i = iq + 1, • . . , ri, let v^i be vectors in X such that 

(0,.. .,0,Vfe,o,Vfe,„+i,.. .,Vfe„) e ker($) nX". 
By Theorem 15. 6f iii) we have 

j-l n 
m—io~\-l m—j+1 

For simplicity, set aj*^'*""* = — a^*^'*"-*, and ajj'*""* = 0; then we can rewrite the above 
expression as: 



(5.13) n,„ (vfe,) 



{k,io) 



Let s be the cardinality of the set ji, . . . ,ir,jr\', that is, s is the number 
of distinct indices that occur in the list (ji, ii ),..., (jV, v)- Note that r < (2). 
Let fli < 02 < • • • < fls be the list of these distinct indices. For each £ with 
1 < ^ < s, let (j/c(£), ik(i)) be the smallest pair among (ji, zi), . . . , (jV, v) that has 
ai e {*fc(£), J/c(£)}- If ai = let bt = if = let &£ = i^). Consider 

the following list of vectors from X: 

Note that all of these vectors lie in XC\ {vji \ io < i < j < n) . We will show that these 
vectors are linearly independent. Since 'Vu^-, ■ ■ ■ ,'Vrio sue linearly independent and 
nio(vfcio) = for fc = 1, . . . ,r, it suffices to show that (vfc(i)f, J, . . . , 11^0 (vfe(s),,J 
are linearly independent. 

First, from (|5.13p we have naii„ (v/j.(,„)b^) = We claim that if ^ < to, 

then a^'^^™'''*'''' = 0. By construction, this claim will follow if we can show that 
either ag — or else the pair made up of and ag is strictly smaller than 
the pair made up of and 6,„ (which is equal to (jfe(m) , ifc(m))); tf^c claim will 
then follow because a^^'*"'' = whenever (fe, a) < {ik,ik)- Indeed, we know that 
an < am- If am = ik{m) and bm = jk(m), then replacing a™ in the pair (6„,a„i) 
with something smaller (namely ai) gives a smaller pair: {bm,CLi) < {bm,o,m)- If, 
on the other hand, we have am ~ jk{m) and bm — ikija), then if ai > bm we have 
{ai,bm) < iam,bm), and if ai < bm then we also have {bm,ae) < (a„i,5„). The 
only remaining possibility is ai = bm, which is of course no trouble. 
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Thus, we conclude that a?*"™'''*" — whenever £ < m. To see that the vectors 
n2(vfe(i)f,j ), . . . ^^2{^k{s)bs) s-re linearly independent, note that 

( \ (fe(m).jo) / if £ < m, 

7r.,,o J = a,^,^ =1 ^^^^^ jf^^^^ 

Therefore, if /JiHig (vfe(i)f,i ) + • ■ ■ + Ps^io{^k(s)bs) = then [3i — Q since the only 
vector with nontrivial (ai, io)-coinponent is Yiig(yf.(^i^i,^). Hence (32 = 0, because 
the only remaining vector with nontrivial (02, io)-component is ^ia{^k{2)b2)'i ^^'^ 
continuing this way we conclude (3j = for all j. So the vectors are indeed linearly 
independent. Thus we have established that 

Vlio I ^2ia I • ■ • 7 ^ria i ^k(l)bi : ^k(2)b2 i • • ■ i ^k(s)b, 

is a collection of linearly independent vectors in X n {vsr \ f < s < n) . 
Thus we conclude that di^>r + s. Since r < (2), it follows that 

. ( dig - 



r < 1 < 



.2/ ~ V 2 
as claimed. 

To complete the proof, it only remains to establish the upper bound on dio+i. 
We have dig = dig+i + dim(^{vji \io < i < j < n)r\{v G X \ Ilig (v) ^ 0}) . Since the 
vectors 'Vk{i)bi 7 • ■ • j '^k{s)bs are linearly independent, have nontrivial Ilig projection, 
and lie in X n (^Vji | io < * < J < we have dig > dig+i + s. Moreover, since 
f l£ (2)7 also have Sig < s; therefore, dig+i < dig — s < dig — Sig, as desired. □ 

Note that Z„_i and Z„ are always trivial. 

Definition 5.14. Let d be a nonnegative integer. We define r{d) to be the largest 
integer such that r{d) < d and r{d) < {'^'l^'^-'). 

Theorem 5.15. Fix n > 1 and let X < V. Fix io, 1 < ia < n — 2, and let 

z^g^xn {(^■.„+i{x), ^n{x))) . 

If Ami{X n {vji \ io < i < j < n)) — d, then Aim{Zig) < r{d). Equivalently, 



(5.16) Aiin{Z,g)<d- 



^/MTl - 1 



2 

where \x'\ is the smallest integer greater than or equal to x. 

Proof. Let diia{Zig) = r. By Lemma [5.121 r < (''jO' so r < r{d), as claimed. 
From r{d) < {'^^l^'^^) we easily obtain (fSTB]) . □ 

We have two other ways of describing the function r{d), which will prove useful 
below: 



Corollary 5.17. Let d he a positive integer. Then r{d) is the number of nontri- 
angular numbers strictly less than d. Equivalently, if we write = (2) + with 
Q< s<t, then r{d) = + (s - 1). 

Proof Since r{d) < {'^^l^'^^) < , it follows that r{d+l) > r{d). We also 

have 

'd - (r(d) + 1)\ _ /{d + 1) - {r{d) + 2y 



r{d) + 2 > r{d) + 1 > 
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SO r{d + 1) < r{d) + 2. If r{d) < {'^^l'-'^^), then 

'd^rid)\ _ /(d+l)-(r(d) + l) 



+ 2 y V 2 

so r{d+l) > r((i) + l and in this case we have r{d+l) = r{d) + l. If r{d) = {''^l''''^), 
then r(d) + 1 > (^id+i)-(r{d)+i)-^ ^ hence r{d + 1) < r{d) + 1 and we conclude that 
r{d + 1) = fid). In summary, we have: 

rW+l)-I + l ifr(d)<C'l('^)), 

We claim that r{d) — ('' 2^'''') if and only if is a triangular number: when d — (*^^) 
for some i > 0, we have 

sor(d) = (*) = C'~2^''^). Conversely, ifr(d) = (''^2'''^)' then solving for d we obtain 
d — ^<i-r(d)+i-^ ^ proving that d is a triangular number. Therefore, we have: 

_^ ^\ f '''(d) + 1 if d is not a triangular number, 
1 r(d) if d is a triangular number. 

Since r(l) = 0, we conclude that r{d) is the number of nontriangular numbers 
strictly smaller than d, as claimed. To establish the formula, note that the value 
of r at (2) is (*2^), and therefore r ((*) + s) = (*2^) + (s - 1) for < s < i, since 
there are exactly s — 1 more nontriangular numbers strictly less than (*) + s than 
there are strictly less than (*) . And (2) + ^ = ^) ' ^-^^^ S^t equality when 

s^t. □ 

Remark 5.18. These alternate descriptions can also be obtained by examining se- 
quence A083920 in [22]; for example, compare the closed formula there with (|5.16p . 
I first realized these alternate descriptions hold by calculating the first few values 
oir{d) directly, and then consulting 22J. 

We can now obtain an upper bound for ^dim(Z/j) in terms of dim(Ar), which 
in turn gives a lower bound for dim(X*) in terms of dim(A'). 

Definition 5.19. For n > and integer m, < m < (2), we let f{m,n) denote 
the largest possible value of ^ dim(Zfe) for a subspace X oiV with dim(X) = to; 
equivalently, 

/(TO,n) = max|dim(A'" n ker($„)) X < V{n), dim(X) = mj. 

Remark 5.20. As we will see below, the value of f{m,n) does not depend on n; 
meaning that if m < (2) and n < N , then f(m, n) — f(m, N). It is easy to verify 
that f{m,n) < f{m,N): if AT is a subspace of V{n) of dimension m, we can also 
consider it as a subspace of V{N). If the dimension of X* with respect to {v'iliLi 
is nm — r, then the dimension of AT* with respect to {^fij^i is A^to — r; so we have 

dim(X" n ker($„)) = dim(A:^ n ker($Ar)). 

Intuitively, the reason the reverse inequality also holds is that the largest value of 
/(to, n) occurs when the vectors in Zi use fewer indices rather than more. Because 
more indices means a larger value of s in the proof of Lemma I5.12|, which means 
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more vectors are "taken out of circulation" for Zi+i, which gives a smaller possible 
value for X n {vrs \ i < r < s < n). So the "best" strategy for larger intersection 
with ker($„) is to keep X confined to as small a number of indices as possible. 
The proof below will formalize this intuition, and show that indeed the value of / 
depends only on m. 

Theorem 5.21. Let m> 0, and write m = (^) + s, < s < T . If m< i^, then 



f{m,n) = 




Remark 5.22. Although there is some ambiguity in the expression for m, since 
(2 ) + T = (^+^) , note that the values (3) + (2) and (^+^) + (2) are equal, so the 
given value of /(m) is well-defined. 

Proof. By replacing (^2^) with (^) + T if necessary, we may assume s > 0. Note 
that we must have T < n in this situation. First we show that /(m, n) > (^) + (2). 

Let X be the m-dimcnsional coordinate subspace of V(n) generated by all Vji 
with 1 < i < j <T, and the vectors fT+1,1, • • • , vt+i.s- Then X* is the coordinate 
subspace of W{n) generated by all vectors of the form wjik with I < i < j < T, 
i < k < n; plus the vectors of the form WT+i,i,k with l<i<s,i<k<n. There 
are 2('^+^) + (n - T)(^) vectors of the first kind, and 

n + (n - 1) + (n - 2) H \- n - {s - 1) = sn - 

of the second kind. Thus dim{X*) = 2(^+^) + {n-T) (2) +sn- Q ; and we have: 
ndim(X)-dim(X*) = tQ-2(^+^) + Q 




Therefore, /(rn,n) > (3) + (^). 

For the reverse inequality, we will apply induction. Assume the for any X' space 
of V{n) with dim(A:') < m. Write m = (^) + s with < s < T, and T < n, and 
let X be a subspace of V of dimension m. We want to show that ^dim(Zj) is 
bounded above by (^) + (2)- If all Zi arc trivial, this follows. Otherwise, assume i 
is the smallest index with nontrivial Zi, and that dim(Zi) = A; > 0. Then k < r{m), 
and if £ is the smallest positive integer such that k < (^) then 

dim(X n {vsr \ i < r < s < n)) < m — i. 

So the sum of the dimensions of the Zj with j > i is at most /(m — i,n); that is, 
the sum over all k is bounded: 

^ dim(Zfc) < A: + /(m - £, n). 

We want to show that k + f{m — £,n) < (^) + (*) for all k and £ that satisfy the 
relevant conditions. It is easy to show that for m = 1, 2, 3, 4, and 5, all values of the 
form k + f{m — £,n), k < r{m) and I as above are less than or equal to (^) + (2) . 
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If ^ = T = m — r(m), then since k < r{m) we have 
k + f{m — £,n) < r{m) + f(r{m),n) 



'^-')+(-l) + /(f-'j+(-l),n 

3) +(2 



If £ <T, since k < (2) , it is enough to to show that for 1 < £ < T, 



If 2 < £ < s, then: 



+ /(m-£,n) = (^j+/(^Q+(s-f),n 



< 



2/ V3y V 2 



3/ V2 



The last inequahty follows since (2) + (''2'^) is the number of two element subsets of 
{1, . . . , s}, where either both elements are less than or equal to £, or both strictly 
larger than £. 

U s < £ <T, then write £ = s + a, a > 0. We then have 

m- £ = (^^^ + s - {s + a) = + {T - 1 - a), 

so 

Since £ + 1 — T < and a > 0, we must have 

6a{s + ffl + 1 - T) < 0. 
Rewriting and introducing suitable terms we have: 

6as + - 3a - 3T^ + 9T - 6 + 3T^ - 9T - 6aT + 9a + 30^ + 6 < 
In turn, this can be rewritten as 

6as + 3a2 - 3a - 3(T - 1)(T - 2) + 3(T - a - l)(r - a - 2) < 0. 
This gives: 

3(s2 + 2as + a^ - s - a) - 3(r - 1)(T - 2) + 3(T - a - 1)(T - a - 2) < 3(5^ - s), 
and so 

3((s + af - (s + a)) - 3(T - 1)(T - 2) + 3(T - a - 1)(T - a - 2) < 3{s'^ - s). 
Substituting ^ for s + a and adding T(T — 1)(T — 2) to both sides we have 
3(^^-^) + (T-3)(T-2)(T-l)+3(T-a-l)(T-a-2) < T{T-l){T-2) + 3{s'^-s); 
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dividing through by 6 yields the desired inequahty: 

We therefore conclude that /(m, n) < (^) + (2) , which completes the proof. Note 
that indeed, the value of n is not relevant to the value of f{m,n), so long as n is 
large enough to satisfy m < (2) . □ 

Since the value of f{m,n) does not depend on n, we will drop the second argu- 
ment and simly call this function f{m). 

Theorem 5.23. Fix n > 1 and let X be a subspace ofV. Write dim(X) = (^) +s, 
< s < T. Then 

ndim(X) - ryj - r j < dim{X*) < min|ndim(X), "^[^j \ ■ 



Proof. The lower bound follows from dim(X*) > ndim(X) — /(dim(X)), and the 
upper bound is immediate. □ 

Corollary 5.24. Fix n > 1 and let X be a subspace of V with dim{X) = m. If 
dim(X*) — nm — k and n + k > f{m + 1), then X is closed. 

Proof. Suppose X is as in the statement, and let Y be any subspace of V of dimen- 
sion m + 1. From the definition of / we know that 

dim(r*) > n{m + 1) - /(m + 1), 

so dim(y*) — dim(X*) > n + k — f{m + 1) > 0. Therefore every Y strictly 
larger than X must have dim{X*) < dim(y*), which shows that X is closed by 
Proposition lS.lOl □ 

Corollary 5.25. Fix n > I and let X be a subspace ofV with dim(X) = m. Write 
m = (2) + s, < s < T. If (3) + {''+^) < n, then X is closed. 

Proof. This follows from the previous corollary and the formula for /(m + 1) in 
Theorem [53T1 □ 

For reference, Table [T] contains the values of f{m), 3 < m < 50. Note that 
/(I) = /(2) = by Corollary 15.91 The sequence of values of /(m) appears as 
sequence All 1138 in [22]. 

Translating back into group theory, we obtain the following: 

Theorem 5.26. Let G be a group of class at most two and exponent p, where p is 
an odd prime. Let Ta.nk{G'^^) = n, and let ra.nk{[G,G]) = m. ///((j)— m + l) <n, 
where f{k) is the function in Theorem \5.21\ then G is capable. 

Proof. The subspace X of V{n) corresponding to G has dimension (2) — m; so the 
result follows directly from Corollarv l5.25l □ 
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TO 


/M 


m 




m 


f(m) 


3 


1 


19 


26 


35 


77 


4 


1 


20 


30 


36 


84 


5 


2 


21 


35 


37 


84 


6 


4 


22 


35 


38 


85 


7 


4 


23 


36 


39 


87 


8 


5 


24 


38 


40 


90 


9 


7 


25 


41 


41 


94 


10 


10 


26 


45 


42 


99 


11 


10 


27 


50 


43 


105 


12 


11 


28 


56 


44 


112 


13 


13 


29 


56 


45 


120 


14 


16 


30 


57 


46 


120 


15 


20 


31 


59 


47 


121 


16 


20 


32 


62 


48 


123 


17 


21 


33 


66 


49 


126 


18 


23 


34 


71 


50 


130 



Table 1. Explicit values of /(to), 3 < to < 50 



6. A Necessary Condition. 

In this section, we use our set-up to give a proof of a slight strengthening of 
the necessary condition proven by Heineken and Nikolova in [13 . The proof is 
essentially that given in [T3] "translated" into our notation and set-up. We do 
gain two improvements on their result: a necessary condition for equality to hold, 
and a weakening of the hypothesis by dropping an assumption. In 13 the authors 
assume throughout that the capable group G they investigate satisfies the condition 
Z{G) = [G,G], and so their result is restricted to that situation. We will be able 
to obtain their result with this assumption dropped. 

The object of this section is to prove that if G is capable, of class at most two 
and exponent p, and [G, G] is of order p'', then G/Z{G) is of order at most ^^'^"'"(2) . 

It is interesting to note that while the results from the previous sections, leading 
to sufficient conditions, have focused on the closure operator on the subspaces of V , 
the proof here will proceed by placing considerable emphasis on the interior operator 
on the subspaces of W . I do not know if this is simple happenstance, or if we can 
indeed expect that considerations of the interior operator on W will generally point 
towards necessary conditions while the closure operator on V will give sufficient 
ones. 

In addition to the linear transformations ^p^^^ an important role in the proof 
is played by elements g S Z{G) which have nontrivial image in G^^ . In order 
to account for these elements in our setting, we will use another family of linear 
transformations which we introduce now: 

Definition 6.1. Let n > 1. We embed U into C{U,V) as follows: given u G [/, 
we define V'u(a) = a A u for all a S ?7. If ui, . . . , m„ is a given basis for U and i is 
an integer, 1 < i < n, then we let denote the transformation . Note that for 
any a, b e [/, Va(b) = -^Abla). 
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Fix an isomorphism between G and U. Let g S C? be an element whose 
image in G^^ is nontrivial, and let be the corresponding element of U. Then 
g € Z{G) if and only if tp^ (U) is contained in X. Note also that for any u e [/, 
V'u(C^) = (u)* — span(-0i(u), . . . , 7/'„(u)). This is how we will use the maps above 
to address the central elements of G that are not in [G, G] 

An explicit description of the maps ip in terms of a basis for U is easy: 

Lemma 6.2. Fix n > 1, let ui, . . . , u„ be a basis for U , and let Vji be the corre- 
sponding basis for V. For all integers i and j, ^ < i, j < n, the image of Uj under 
tpi in terms of the basis Vji is given by: 

{Vji ifi<3, 
ifi^j, 
-Vij ifi>j. 

Let y be a subspace of W. If we let X — Y* then X is closed by Theorem 13.31 
moreover, any closed subspace X oiV can be realized this way, by letting Y = X*. 
Given such an X and Y, we define two subsets of U as follows: 

z = {ueu \ MU)^x}, 
C = {ue C/ I ipu{V) c Y}. 

Let F be the 3-nilpotent product of n cyclic groups of order p, and let U, V, W 
correspond to F^^ , {[xj,Xi] \ l < i < j < n), and F3 respectively, as in Section [3l 
Let N correspond to X, and G = F3), H = F/Y. Then G is capable (since 

X is closed), if is a witness for the capability of G, and it is not hard to see that 
Z will correspond to the image of Z2{H) in H'^^ (this is the same as the image 
of Z{G) in G^^, i.e., those elements that are central in G but do not come from 
commutators), while C will correspond to the image of the centralizer C{[H, H]) in 
H^^. These two sets (in fact, subspaces as we will prove below) play a key role in 
our analysis. 

Lemma 6.3. Let Y be a subspace ofW, and let X = Y* . If 

Z = {ueU \ ^j^{U) C X} and G ^ {u e U \ ip^{V) C Y} , 
then both Z and G are subspaces of U , and Z C_ G. 

Proof. The map u i-^- "i/ju is a linear embedding from U to C{U, V). The canonical 
projection V ^ V/X induces a map U C{U, V/ X). The kernel of this map is Z , 
so Z is a subspace. 

Similarly, the kernel of the composite map U £{V,W) £{V,W/Y), given 
by composing the embedding u i~> with the map induced by the canonical 
projection W W/Y has kernel G, so C is a subspace. 

To prove that Z C G, let z € Z. If z = 0, then trivially z e C If z 7^ 0, then 
complete it to a basis z = ui, . . . , u„ of C/, and let vji, Wjik be the corresponding 
prefered bases for V and W. Since z — ui E Z, it follows that Vji e X for 
j = 2, . . . ,n. We want to show that (pi{vji) E Y for all i,j,l<i<j<n. If i = 1, 
then Vji e X, so (pu(vji) G Y for all u G ?7 and there is nothing to do. If i > 1, 
then ipi{vji) — Wjii — wnj — ipi{vji) — (pjivn). Since VjijVn G X, we have that 
both ipi{vji) and ipj^vn) lie in Y, hence ipi(vji) G Y. This proves that z G C, as 
claimed. □ 
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We continue by stating some results on the interactions between the maps ipu 
and the maps ipu' . 

Lemma 6.4. For a, h, c eU, (/7a('0b(c)) + (/'c('0a(b)) + ipb{ipc{a)) = 0. 

Proof. This is simply the Jacobi identity. Evaluating the left hand side, we obtain 

(c A b) a + (b A a) (g) c + (a A c) (g) b, 

where {r A s) (E)t represents the image of r A s ® t in {V (E)U)/J (see Definition [321) ■ 
But since this element is one of the generators of the subspace J, the left hand side 
is trivial in W^, as claimed. □ 

Lemma 6.5. Let Y be a subspace of W, and let X = Y* . Let 

C={ueU I ifiuiV) C Y}. 

If c E C, then for all a,h G U, 

(/f b ( V'c (a) ) = (/3a ( V'c (b) ) (mod 1") . 

Proof. From Lemma 16.41 we know that ((5a(V'b(c)) + (ph{'4'c{^)) 
Since c e C, we must have (/3c('0a(b)) € Y. Therefore, 

i^b(V'c(a)) = -(y5a(V'b(c)) (mod Y) 

= </3a(-V'b(c)) (mod Y) 

= V5a(V'c(b)) (mod Y). 

This proves the lemma. 

Lemma 6.6. Let Y be a subspace ofW, X — Y* , and let 

C={ueU I ^u(^) C Y}. 
If codiuiw (Y) — 1, then codimy(X) — codim[/(C). 

Proof The map C ^ C{V, W/Y) factors through C{V/X, W/Y), and the kernel of 
the induced map U ~* C{V/X, W/Y) is C. Therefore, 

codimc/(C) = dim([//C) < di-ai{C{V/X, W/Y)) ^ dim(T//X) dim(P^/r) 

= codim[/(-'f)codimvi/(F) — codxca.u(X), 

proving one inequality. 

To prove the reverse inequality, let w S W\Y , codimy(X) = fc, and pick el- 
ements Vi, . . . ,Vfc oi V whose images in the quotient V/X form a basis. Since 
Vi ^ X, there exists Ui G C/ such that tpui(vi) ^ Y . Note that Ui ^ C. Adjusting 
Vi by a scalar if necessary, and adding multiples of vi to V2, . . . , if necessary, 
we may assume that 

'y3ui(vi)=w (mod y) and (y3ui(vi) = (mod F) for i > i. 

Since V2 ^ A", there exists U2 G [/ such that '>\)-vi^(yi) ^ Y . Multiplying V2 by a 
scalar and adding multiples of V2 to V3, . . . , if necessary, we may assume that 

'y3u2(v2)^w (mod y) and iy9u2(vi) = (mod F) for i > 2. 

Proceeding in the same manner, we obtain elements Ui,...,Ufc S U such that 
(^ui(vi) = w (mod y) for i = 1, . . . , fc, and (/?ui(vj) G Y for j > i. Let Tp^, . . . ,Tp^ 
be the images of ui, . . . , Ufc in £(y, W/Y). These linear transformations are linearly 



= -<^c('0a(b)). 



□ 
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independent, because if aiTp^ + ■ ■ ■ + akTp^ is the zero transformation, then eval- 
uating at Vfc we deduce that = 0; then evaluating at v/c_i we obtain au^i = 0; 
etc. Since the images of Ui, . . . ,Ufc are linearly independent under a map with 
kernel C, it follows that their images in U /C are also linearly independent, proving 
that codim[/(C) = dim([//C) > k. This proves the reverse inequality, and we are 
done. □ 

From the proof above we also deduce the following technical corollary; we will 
use it in argument below: 

Corollary 6.7. Let Y he a subspace ofW, and let X = Y* . Let 



and let w G W\Y . Lf codimn^(y) = 1 and codimv'(X) ~ k, then there exist 
Vi , . . . , Vfc e V and Ui , . . . , g U such that: 

(i) The images o/vi, . . . , inV/X form a basis for V/X. 

(ii) The images o/ui,...,Ufc in U/C form a basis for U/C. In particular, 
[/= (ui,...,Ufe)®C. 

(ui) (^ui (vi) = w (mod Y) for i = 1, . . . ,k. 

(iv) (/3u;(vj) = (mod Y) for all i,j, I < i < j < k. 

Lemma 6.8. Let Y be a subspace of W, and let X = Y* . Let 



Let ui, . . . , Ufc G U be elements such that U = (ui, . . . , Ufc) + C. If c Cz C is such 
that ■(/;c(ui) G X for i ^ 1, . . . , k, then c Cz Z . 

Proof. To prove that v G V lies in X, it is enough to show that iy9ui(v) G Y for 
i — 1, . . . , k; this follows since U is spanned by the vectors ui, . . . , Ufc and C, the 
latter always mapping into Y, and X — {v d V | (/?u(v) G Y for all u G U} . Thus, 
to prove that c G it is enough to show that for every u G U and i = 1, . . . ,k, 
(yCu^ (V'c(u)) G Y. Since c G C, we know from Lemma l675l that 



<y5uj'0c(u)) = ¥'u(V'c(ufe)) (mod Y). 
By assumption, ipd^k) G X, and therefore (fiui'ipciuk)) G Y. Thus, (^9^. ('0c(u)) lies 



The following counting argument will be needed a few times, and will be the key 
tool used to establish the upper bounds. 

Lemma 6.9. Let A and B be vector spaces over the same field, dim(yl) = n and 
dim(_B) = 1. Let ai, . . . , a„ be a basis for A, and let h G B be a nonzero vector. 
Let /i, . . . , /n G C{A, B) be linear transformations such that 

fi{sLi) — b for i ~ 1, . . . , n; and fii^j) ==0 if ^ l£ i < j l£ n. 

Then the dimension of the subspace 



C={ueU I ^u{V) C Y} 



Z={ueU I V'u(C/) C X} and C={ueU \ ip^V) C Y}. 



in Y , and we are done. 



□ 
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Proof. Express in terms of the basis for A, Vi = anSLi + • • • + ai„a„. We have 
n degrees of freedom for choosing vi. Once vi is fixed, we must have 

a2ib = /i(v2) = /2(vi), 

which fixes the value of ck2i, leaving n — 1 degrees of freedom for choosing V2. Once 
both Vi and V2 are fixed, V3 must satisfy 

"sib = /i(v3) /3(vi), 

a3l/2(ai) + a32b = /2(V3) = /3(V2)- 

The first equation completely determines a^i, which together with the second equa- 
tion completely determines a32, leaving n — 2 degrees of freedom for choosing V3. 

Continuing in this manner we have n — 3 degrees of freedom for V4, n — 4 for V5, 
and so on, until we have one degree of freedom left for v„. In total, we have 



n + (?i - 1) + (n - 2) + h 2 + 1 = n + 



degrees of freedom in choosing the n-tuple; this proves that the subspace in question 
has dimension n + (2) , as claimed. □ 

Our proof that we can bound dim(J7/Z) in terms of dim{V/X) will proceed by 
induction on codimvi/(F). The basis of the induction is contained in the following 
lemma: 

Lemma 6.10 (cf. [131 Lemma 1]). Let Y be a subspace ofW of codimension one. 
Let X = Y*, and let Z = {u e U \ -0u(?/) C X}. //codimy(X) = k, then 
dim{U/Z) <2k+ (^•) . 

Proof As before, let C = {u e t/ | (pu{V)CY}. Fr om Lemma 16.61 we know that 
dim(L//C) = fc, so we only need to prove that dim(C/Z) < fc+ (^"). Fix w e W\Y, 
and let vi, . . . , and Ui, . . . , be the vectors given by Corollarv l6.7l 
Consider the linear map C 1-^ (V/X)'' defined by: 



(^Vc(ui), . . . ,?Ac(Ufe) 



where v is the image oi v d V under the canonical projection V — > V/X. By 
Lemma 16. 8[ the kernel of the map is Z, so we obtain an embedding of C/Z into 
(V/X)'^. Note also that the image of c £ C is a vector {ipc{u.i), . . . , ipc{uk)) that 



satisfies the congruence (^uj (V'c(ui)) = (/?ui (V'c(uj)) (mod Y) by Lemma [6751 This 
is well defined, since elements of X always map into Y via any (^u- 

By Lemma 1^751 the image of c lies in a subspace of dimension ^ + (2) ; therefore, 
C/Z is of dimension at most k + (2), By Lemma [6.61 



dim(C//Z) = dim([//C) + dim(C/Z) < fc + + = 2A: + Q 

proving the lemma. □ 

One final observation is needed: 

Lemma 6.11. Let Y be a subspace of W , and let Y' be a subspace of W with the 
same interior as Y : that is, such that Y'** = Y** . Then Y'* = Y* . 

Proof. This follows from Theorem [331 since Y'* = Y'*** ^ Y*** ^Y. □ 
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We can now prove the main result of this section: 

Theorem 6.12 (cf. [13, Theorem 1]). Let Y be a subspace ofW, let X = Y* , and 
let Z = {ueU I Vu(C/) C X}. //codimv/(X) = k, then dim(C//Z) < 2fc + 
and equality holds only if there exists a subspace Y' ofW such that codimvi/(y) < 1 
and Y'** = Y**. 

Proof. We proceed by induction on r = codimvi/(K). If codimvi/(l') = 0, then 
X = V, Z ^ U, and the result holds trivially. If codimvi/ (F) = 1, then the result is 
Lemma 16.101 the final clause also holds, since the consequent is trivially true with 
Y' = Y. Assume then that codimvi/(^) > 2. As before, let 

C={ueU I cpuiV) C Y}. 

Suppose inductively that the result holds for any subspace Y' of W such that 
codimn/(y) < codimvi/(y) = r. If there exists Y' with codimvK(i^') < codimvy(F) 
and Y'** = Y**, then we can replace Y with Y' . Note that since Y'* = Y* , the 
subspaces Z oi U and X oi V are not affected by change, so the result holds by 
induction. We may therefore assume that if I2 is any subspace of W that properly 
contains Y, then Y* is properly contained in Y2 . To prove the result for Y, we will 
need to establish that the strict inequality holds in this situation. 

Among all Y2 such that Y C Y2, and dim(F2) = dim(y) + 1, we pick one for 
which X2 = Y2 is of minimal dimension. Note that X is properly contained in 
X2; if we let uj = dim(X2/X), then < uj < k and codimy(X2) = k — uj. Let 
Z2 = {u e t/ I ^pu{U) C X2}; again we have that Z <Z Z2. By the induction 
hypothesis, we know that dim([//Z2) < 2{k - uj) + {''~'^) . We now want to estimate 
the dimension of Z2/Z. We will do this in two steps, first by giving an upper bound 
for the dimension of Z2/{Z2nC), and then giving an upper bound for the dimension 

of (Z2nc)/z. 

Let Y3 be any subspace of W that contains Y, dim(Y3) = dim(y) + 1, and 
^3 7^ Y2. This is possible because dim(y) < dim(VK) — 1, so there are at least 
p + I subspaces of dimension one more than dim(y). Let X^ — Yg*; by choice of 
Y2, dimiXs/X) > UJ, and so dim(V'/X3) <k-uj. 

If V e and u e Z2, then G ^2 n ^3 = F; so the map Z2 ^ C{V, Y2/Y) 

defined hy u ^ Lp-^ factors through C{V/X:i,Y2/Y). The kernel of this map is 
Z2 n C, and therefore 

dim(Z2/(Z2 n C)) < diin{C{V/X3, Y2/Y)) = dim(\//X3) < k - uj. 

Finally, we want an upper bound for dim((Z2 H C')/Z). This is the difficult part 
of the induction. 

By Corollarv l6.71 we can select elements Xi, . . . , x^^ in X2, and Ui, . . . , u„ in U, 
such that the X; projecto onto a basis for X2/X, and 

fuii^i) = w (mod Y) 1 < i < 1^, 

(fiui (xj) = (mod Y) 1 < i < J < w- 

Since the images of Ui, . . . , u^^ are linearly independent when we project to U/C, if 
we project to U /{Z2 H C) the images are also linearly independent. Extend this list 
to Ui, . . . , U(^, u^^+i, . . . , Us such that the projections form a basis for U/ {Z2 n C). 

Fix j > UJ. Adding suitable multiples of u^^ to Uj, we may assume that '/3uj(xu) 
is in Y. Then, adding multiples of u^^-i to Uj, which will not change the value of 
<y5uj(xa;) modulo Y, we may also assume that (/Juj(xuj_i) G Y. Continuing in this 
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manner, adding multiples of Uij_2, ■ • • , ui, we may assume that (^Uj (xi) G Y for 
i = 1, . . . , repeating this for each j > w, we obtain: 

fuj (xi) G y for alH, j, 1 < j < cli < J < s. 

Since = (xi, . . . , x^^) + X, we thus have that for j > lu, ip^j {X2) C Y. 
Given u G Z2 n C, consider 

(^-0u(ui), . . . ,1pu{u^),'lpu{u^ + i), . . . ,V'u(Us)) G {X2/Xy. 

Since u G C, if 1 < i < j < s then by Lemma [^751 the coordinates satisfy 

</5u,(V'u(ui)) = </3ui('0u(Uj)) (mod y); 

the values are well defined modulo X, since X — Y*. In addition, u G ^2, and so 
^u(ui) G X2; therefore, if j > cu, then (^uj ('0u(ui)) G 'Puj{X2) C y. In particular, 
if j > Lo, then (/Suj (V'u(ui)) = (mod y) for all j, and therefore 

Vui('0u(uj)) = • • • = v3u,(V'u(uj)) = (mod y). 

Since C/ = (ui,...,Us) + C, it follows that if j > uj then (/3a(^u(uj)) G Y for 
all a. £ U. Therefore i/'u(uj) € X for all j > lo. Thus, we conclude that for all 
u G Z2 n C and all j > lj, ^j)■^^{uj) G X. Therefore, in the s-tuple 

U 

(Ui), . . . , V'u(Uc^), ^u(u„+l), • ■ ■ , V'u(Us)) G (X2/X)'' 

only the first w components may be nontrivial. 

Consider then the linear map Z2C^C 1 — > {X2/ Xy given by 



U 1-^ (^-0u(ui), . . . , V'u(u^),'0u(Ua; + l), . . . ,V'u(Us)j . 

We claim that the kernel of this map is Z . 

Certainly, Z is contained in the kernel. Conversely, let u G Z2 n C be such that 
V'u(uj) £ X ior j — 1, . . . ,s. Since U = (ui, . . . , u^) + {Z2f^C), to prove that u G 2' 
it is enough to show that V'u(-^2 H C) C X. In turn, to establish this it is enough to 
show that if z G Z2 n C, then for all a G C/, 93a(V'u(z)) S Y. Since u G Z2 n C C C, 
we know that (y9a(V'u(z)) = </Jz (V'u (a) ) (mod y); and since z G ^2 H C C C, we 
also have that (^z(?/'u(a)) G y. Therefore, 9?a(V'u(<Pz)) G y for all a G ?7 and we 
conclude that V'u(z) G X as desired. Therefore u G Z, proving the claim. Putting 
this claim together with the observation that only the first lu components can be 
nontrivial in any case, we conclude that we have an embedding 

(Z2 n c)/z ^ {X2/xr 

U I > (^Vu(ui), . . . ,'0u(Ua;)) , 

and that the cj-tuples in the image satisfy 

<^u, (V'u(ui)) = </Jui(V'u(uj)) (mod y) for all I < i < j < uj. 

Applying Lemma [6?9l we have that (Z2nC) /Z embeds into a subspace of dimension 
w + (2), and therefore dim((Z2 nC)/Z) <uj+ (2). 
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Thus we have shown that: 

Aun{U/Z) = dim([//Z2)+dim(Z2/(Z2nC)) + dini((Z2nC)/Z), 

dim(t//Z2) < 2(fc - ^) + 2 
dim(Z2/(^2 n C)) < k-Lo, 
dim((Z2 n C)/Z) < ^ + 
Puttmg it all together, we have (cf. Theorem 1 in [T^): 



dim(C//Z) < 3fe - 2w ■ 



— Zk — 2lj -\ ^ h uj{uj ~ k) 

= 2k + + {k - uj){l ~ uj) - Lu 

2k+ {'^ ] - { (uj - l)(k ^ uj - 1) + 1 



< 2k 



The last inequality holds since < u; < k, and therefore both uj — 1 and k — u; — 1 
are nonnegative. 

This strict inequality finishes the inductive step, and proves the theorem. □ 

Translating back to groups we obtain the promised improvement on the necessary 
condition of Heineken and Nikolova: 

Theorem 6.13. Let G be a p-group of class at most 2 and exponent p. If G is 
capable, and [G, G] is of rank k, then G/Z{G) is of rank at most 2k+C^Y Moreover, 
equality holds only if there exists a witness H to capability such that is cyclic 
(possibly trivial). 

Proof. If we fix an isomorphism G^^ = U and let X be the corresponding subspace 
of V, then [G, G] ^ V/X and G/Z{G) ^ U/Z, where Z = {u e U \ Vu(C/) C X}. 
Thus, the inequality by Theorem 16. 121 For the "moreover" clause, note that if we 
let H be F/M , where F is the 3-nilpotent product of n groups of order p (with 
n the rank of G^^), and M is the subspace of corresponding to any Y with 
Y* — X, then H will be a witness fot the capability of X (as we are assuming 
that X is closed). By picking the Y' of codimension at most 1 guaranteed by the 
theorem, we obtain a witness with the desired property. □ 



7. The 5-generated case. 

In this section we combine our results so far to characterise the capable groups 
among the 5-generated groups of class at most two and exponent p. 

One way to interpret Corollary 15.251 is that if G is of class exactly two and 
exponent p, and the commutator subgroup of G is "large enough," then G will 
be capable. On the other hand. Theorem 16.131 says that if G is capable, of class 
exactly two and exponent p, then the commutator subgroup of G cannot be "too 
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small" . Put together, the results seem to indicate that a group of class exactly two 
and prime exponent will be capable if and only if it is "nonabelian enough." The 
characterisation below seems to reinforce this intuition. 

The 4-generated case. It is of course well known that a nontrivial cyclic group 
cannot be capable. It has also also been long known that an extra-special p-group 
is capable if and only if it is of order and exponent p. The following result shows 
that, at least for 4-generated groups in the class we are considering, these are the 
only exceptions to capability. 

Theorem 7.1. Letp he a prime, and let G he a ^-generated group of class at most 2 
and exponent p. Then G is one and only one of the following: 

(i) Cyclic and nontrivial; 

(ii) Extra-special of order p^ and exponent p; 

(iii) Capable. 

Proof. Following the notation of Theorem 15.261 let n be the rank of G^^, and let 
m be the rank of [G, G] . 

The case of p = 2 is trivial, since G is abelian in this case. Assume then p > 2. 
The three categories are of course disjoint, so we only need to show that any such G 
is one of the three. If G is trivial, then it is capable. If G is minimally 1-generated, 
then it is nontrivial cyclic. 

For G minimally 2-generated, Theorem 15.261 shows that G is capable: we have 
n = 2 and m = or 1, and in either case /((j) — m -I- 1) < 2. For G minimally 
3-generated, again Theorem 15.261 settles the problem: here we have m = 0, 1, 2, 
or 3, and /((2) — m + 1) < 3 in all cases. 

Consider then the case of G minimally 4-generated; m must satisfy < m < 6. If 
m > 2, then /((j) — m-l-l) < 4, so G will be capable. If m = 0, then G = Cp, which 
is capable. Thus, the only case not covered is when m — 1, i.e., the commutator 
subgroup is cyclic. 

If Z{G) 7^ [G, G], then we apply Theorem 14 . 1 41 and the n = 3 case to deduce that 
G is capable. Finally, if Z{G) = [G, G] then we apply Theorem 16.131 the group 
cannot be capable, since 4 > 2(1) -I- (2) . Alternatively, G is of order p^, exponent p, 
and extra-special, and so we apply Corollarv l4.19l □ 

The minimally 5-generated case. We next consider the case of n = 5. Here, 
Theorem 15.261 settles the cases m > 4; and the case to = is of course trivial. 
We can finish the characterisation applying some easy group theory, and finally by 
applying non-trivial work of Brahana [4j to obtain a very satisfying result similar 
to Theorem 17. II 

If TO = 1 then our group G has cyclic commutator subgroup. We cannot then 
have Z{G) = [G, G] since G^*^ is of order p^, and so the group G will be either of 
the form E (B Gp, where E is extra-special of order p^ and exponent p (hence G is 
not capable), or else of the form K (BGp where K is the nonabelian (extra-special) 
group of order p^ and exponent p (and so G will be capable). 

To discuss the cases of to = 2 and to = 3, recall that if is a vector space and 
k is an integer, < fc < dim(y), then the Grassmannian Gr{k, V) is the set of all 
fc-dimensional subspaces of V. This set has a rich geometric structure, though we 
will only touch on it briefly. 
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To solve the cases oi m — 2 and to = 3, by Proposition 13.51 we only need to 
consider one representative from each orbit of the action of GL(5,p) in Gr{7,V) 
(for the case to = 3) and Gr{8, V) (for the case to = 2). In [3], Brahana shows that 
there are 6 orbits in Gr{2, V) and 22 orbits in Gr{3, V). By taking the orthogonal 
complement of each subspace (relative to our prefered basis Vji, I < i < j < n, with 
(vjiyVrs) = 1 if (j, i) = {ttS) and otherwise) we obtain a well-known duality that 
shows that the number of orbits in Gr{k, V) is the same as the number of orbits 
in Gr((2) — k,V) (see for example the paragraphs leading to [SI Theorem 1]; the 
argument there is for n = 4 and fc = 6, but it trivially generalizes); thus, we can 
take the lists from [4j and by taking orthogonal complements, obtain a complete 
list of orbit representatives for the cases we are interested in. It is then an easy 
matter to check which ones correspond to closed subspaces and which do not. 

There are six orbits of 8-dimensional subspaces under the action of GL(5,p): we 
give representatives of the orbits as orthogonal complements to the representatives 
found under the heading "the lines of S" in [H p. 547]: 

1. The coordinate subspace Xi = (w4i, W51, W32, f42, W43, W53, ^54); this is 
closed by Theorem 14.61 Alternatively, note that is central in the cor- 
responding G, so we can apply Corollary 14.151 to reduce to the n = 4, 
dim{X) = 4 case. 

2. The coordinate subspace X2 — (^31, ^^41, ^'32, i'42, W53, ^'54); again, 
this is closed either by appplying Theorem l4.6l or Corollarv l4.15l 

3. The subspace X3 = {v2i - Via , V31 , '"41 , ^51 , "^4 2 , V52 , «53 , "54) ■ Again, note 
that ip5{U) is contained in X3, so by Corollarv l4. 151 we conclude that X3 is 
closed. 

4. The subspace X4 = {v2i - W43,™3i - W42, W4i, W51, i'32, W52, "^53, '^54), with r 
not a square in ¥p. Since ip5{U) C X4, we conclude as before that X4 is 
closed. 

5. The subspace X5 = {v2i - W43, W31, i'4i, 1^32, W42, W52, ^^ss, ^'54)- In this case, 
Xq is not closed: it corresponds to the amalgamated direct product of two 
groups: a 2-nilpotent product of two cyclic groups of order p, generated 
by ga and g4; and the 2-nilpotent product of a cyclic group of order p 
generated by gi and the direct sum of two cyclic groups of order p, generated 
by g2 and g^. We amalgamate along the subgroup generated by [54,53], 
identifying it with [52,51]- Theorem 14 . 1 71 shows X5 is therefore not closed. 

6. The subspace Xe = {v2i - W43,W3i - i'52, W4i, "51, U32, W42, W53, W54)- This 
subspace is closed, as can be verified with a simple computation in GAP. 
Alternatively, if Xq were not closed then the closure would contain either 
V21 or U31, but it is not hard to verify that neither W213 nor ^312 lie in Xq. 

Moving on to the 7-dimensional spaces, we obtain representatives of the orbits 
as orthogonal complements of the twenty-two planes of S listed in [4, pp. 547-548]. 
We present them in the same order as Brahana. The first six orbits correspond to 
groups G with Z{G) 7^ [G, G]; this allows us reduce the problem to a subspace with 
n = 4 and codimension 3, all of which are necessarily closed as already noted. In 
all six cases, M5 corresponds to a central element: 

1. The subspace Xi = (u4i, W51, «42, W52, W43, W53, W54)- 

2. The subspace X2 = (W51, W32, W42, W52, W43, W53, W54)- 

3. The subspace X3 = (u4i, W51, «32, W42, W52, W53, W54)- 

4. The subspace X4 = {v2i - V43, "^si, W32, W42, W52, W53, W54)- 
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5. The subspace = {v2i ~ ^43, i'4i, ^51, W32, W52, ^53, f54)- 

6. The subspace = (v2i - ^43,^31 - W42, i'32, W52, W53, i'54), with r not 
a square in Fp. 

The next fifteen orbits correspond to subspaces that are closed; this is easy to 
determine using GAP, and not hard to verify by hand as well (either by applying 
one of our theorems, or by explicit computation). We list them without comment 
and leave routine (though often tedious) verification that they are indeed closed to 
the interested reader: 

7. The subspace X^ = {v2i - W43 +^53,^31 - i'4i, W51, W32, ^42 - W53,W54), 
where + rx — 1 is irreducible over Fp. 

8. The subspace = {v2i - -^43,^31 - W52, W4i + ^32, W51, 1^42, 1^53, W54), with 
r not a square in Fp. 

9. The subspace Xg = (u2i - W43,^'3i - W52, 1)41, ?^51, '^32 - t'54, ^42, t'53)- 

10. The subspace Xio = (^21 - W43,t'3i - 1^52, ^41, 1'si, V42, U53, 1^54)- 

11. The subspace Xn = {V2l - W43,t'31 - W52, W41, W51, 1'32, '!^53, W54)- 

12. The subspace X12 = (W21 - W43,t'31 - ^52, ^51, ■^32, t^42, '^53, W54)- 

13. The subspace X13 = (w2i - ^43, ^31 - ^52 - ^2, 'L'4i, "fsi, ■^'32, ^53, ^'54), with 
r not a square in Fp. 

14. The subspace Xi4 = (^21 - W43, i'3i - W42, ■y4i - r-fsi, i'32, t'42, V53, V54), r 7^ 0. 

15. The subspace X15 = (w2i -'!^43,'!^3i - i'52, W4i, ^^51, ^'32, t'42, ^53)- 

16. The subspace Xi^ = {v^i - ^'52, ^^41, W51, "32, i'42, W53, W54)- 

17. The subspace Xn = (t;2i - 1^41 ^ 1^43, i'3i - t;52, ^^51, ^^32, 1)42, t'53, ■^54)- 

18. The subspace Xig, = {v2\ - v^i - W43 + "52, W4i, t^5i, ^^32, V42, V53, ^^54)- 

19. The subspace X19 = (t;3i, 1^41, W51, 1^32, 1^42, "52, "43)- 

20. The subspace X20 = (^^21 - 1^43, W31, ^41, i'42, W52, W54)- 

21. The subspace X21 = (t'2i - f43, V31, W41, fsi, ''^32, ^42, t'54)- 

The twenty-second and final orbit corresponds to an amalgamated direct product 
of the 2-nilpotent product of two cyclic groups of order p, generated by g\ and (72, 
with the 2-nilpotent product of three cyclic groups of order p, generated by 173, 174, 
and 55, amalgamating by identifying the commutator [52,51] with [54,53]. Thus, 
by Theorem 14.171 it gives the only nonclosed subspace of dimension 7 when n = 5 
(up to the action of GL(5,p)): 

22. The subspace X22 = (w2i - ^'43, i'3i, ^41, ^^51, W32, W42, W52)- 
We then obtain: 

Theorem 7.2. Let G be a minimally b- generated p- group of class at most two and 
exponent p. Then G is one and only one of the following: 

(i) Isomorphic to a direct product E x Cp, where E is the extra-special p-group 
of order p^ and exponent p; 

(ii) Isomorphic to the amalgamated direct product 




(iii) 



with each Xi of order p, and (j){[x2,xi]) — [x4,X3]; 
Isomorphic to the amalgamated direct product 



((a;i> {X2)) (((a;3) U'"^ (X4) H^^ (x,)) / {[x,, x^)) 



with each Xi of order p and 4>{[x2,xi]) = [2:4, 0:3]; 
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(iv) Capable. 

If we recall that the extraspecial group of order and exponent p is obtained 
by taking the central product of two nonabelian groups of order p^ and exponent p 
(more precisely, a central product) , we combine Theorems 17.11 and 17.21 into a single 
statement: 

Theorem 7.3. Let G be a 5-generated group of class at most 2 and exponent p. 
Then G is one and only one of the following: 

(i) Nontrivial cyclic; 

(ii) Isomorphic to an amalgamated direct product Gi G2 of two nonabelian 
groups, amalgamating a nontrivial cyclic subgroup of the commutator sub- 
groups. 

(iii) Capable. 

An alternative geometrical proof. The only part of the proof of Theorem 17.11 
that docs not follow by applying Theorem l5.26l is the case of rt = 4 and dim{X) — 5. 
I would like to present an alternative proof for this case. The reason for doing so 
is that a key step in the proof is geometric rather than algebraic. This highlights 
what I believe to be one of the potential strengths of the approach through linear 
algebra, namely that by casting the problem in terms of linear algebra we have 
an array of tools that can be brought to bear on the problem, most particularly 
geometric tools whose application may not be so easy to discern when the problem 
is presented in terms of commutators. This can also be seen in [4], though it will 
not be apparent in our presentation above. The geometric part of the argument is 
due to David McKinnon. 

Fix n = 4. Given a vector u e J7, u 7^ 0, we obtain a subspace ipu{U) of V; it is 
easy to verify that this subspace is 3-dimensional. Moreover, any nontrivial scalar 
multiple of u will yield the same subspace. Thus we obtain a map from the one 
dimensional subspaces of V (which form projective 3-space over Fp) to Gr{i,V)] 
that is, a map \I>: P'^ ^ Gr{2,,V). Explicitly, given [ai : 02: a^. 04] G P"^, we 
associate to it the subspace U A {aiui + a2U2 + 0:3^3 + 0:4^4). 

Turning now to ker(<i>), where is the map from Definition 15.41 it is easy to 
verify that if p € P'^, v g is an arbitrary vector, and X — (5'(p),v), then 
X'^ n ker$ is trivial if and only if v e ^'(p). 

Let (vi, V2, V3, V4) be a nontrivial element of ker($). The subspace of V spanned 
by Vi,V2,V3,V4 is exactly 3-dimensional. This gives a mapping from the one- 
dimensional subspaces of ker(<I>) to the 3-dimensional subspaces of V, 

T: Gr(l,ker($)) -> Gr(3,y). 

We can identify Gr(l, ker(<i>)) with P'^ (or to be more precise, with P^^)^^): we have 
a bijection between a basis for ker(<i>) and the choice of triples from {1, 2, 3, 4}, so a 
point [ai : a2 : 0^3 : 014] can be identified, for example, with the element aiV(234) -I- 
a2V(i34) -f a3V(i24) -f q;4V(i23) (using the notation from the proof of Proposition l5.5|) . 
Thus we have two maps with domain P^ and codomain Gr(3, V). 

Consider a 5-dimensional subspace X oiV . From Theorem 15.231 we know that 
dim(X*) = 18, dim(X*) = 19, or dim(X*) = 20. Since the only subspace of V 
that properly contains X is V itself, we deduce that X is closed if and only if 
X^ n ker($4) is nontrivial; that is, a 5-dimensional subspace of V is closed if and 
only if there exists q e P"^ such that T(q) C X. As noted above, if X contains 
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^'(p) for some p G P"^, then X will be closed. The result we want is the converse: 
that if X is closed, then there exists p € such that ^(p) C X . This result can 
be established by considering the maps T, and using a little algebraic geometry. 

Suppose first we are working over the algebraic closure Fp of Fp (so we can do 
algebraic geometry). The maps * : P^ ^ G'r(3, V) and T : P^ ^ G'r(3, V) are both 
regular maps, since they are defined everywhere and are locally (relative to the 
Zariski topology) determined by rational functions on the coordinates. We define 
two subsets of the algebraic variety Gr(4, V) x P^, namely: 

A={(X,p) |,*(p)CX}, and B = {(X,q) I T(q)CX}. 

Since both and T arc regular, both A and B are closed subvarieties of Gr(4, V) x 
P^. If we now consider the projections, 

pi : Gr{A, V)xV^ Gr(4, V) 
P2 : Gr(4, V)xF^^ P^ 

we obtain maps from each of A and B into Gr(4:,V) and P^, respectively. The 
maps to are surjections, and the fibers all have dimension 2 because the fiber 
over p (resp. over q) is the set of all 4-dimensional subspaces of V that contain 
the 3-dimensional space ^'(p) (resp. T(q)); this set is isomorphic to the set of lines 
in the quotient space V/'^{p) (resp. V/T{q)), which in turn is isomorphic to the 
projective plane P^, hence 2-dimensional. 

The maps are also smooth, so we have smooth maps of fiber dimension 2 over 
a smooth 3-dimensional variety; this means that both A and B are of dimension 
3 + 2 = 5. 

Consider now the projections to Gr(4, y). Wc know that pi{A) and pi{B) 
are irreducible subvarieties of Gr(4, y) of dimension at most 5, and that Pi{A) 
is contained in pi{B) (to see this last assertion, note that if {X,p) G A, then 
n ker($) is nontrivial, so there exists q such that {X, q) E B). If we can show 
that pi{A) is of dimension exactly 5, then the irreducibility of B will imply that 
Pi{A) = pi{B). To show that pi{A) is of dimension exactly 5 it is enough to show 
that it is generically finite; for this it is, in turn, enough to show there is at least 
one X £ Gr(4, y) such that Pi^{X) is nonempty and finite. But in fact Pi^{X) 
has at most one element, for if p ^ q, then (^(p), ^(q)) contains U A U' with U' 
of dimension 2 (spanned by the lines corresponding to p and q) ; and this subspace 
is of dimension 5. So the conclusion that pi{A) = p\{B) holds over Fp. 

Thus, if q e P'"^ and X e Gr(4, F) are such that (X,q) e B, then there exists 
p e P'' such that {X, p) € A. We want to show that if q and X are defined over 
Fp, then p is also defined over Fp. If we apply a Galois automorphism to the 
varieties over Fp, both X and q are fixed, and every conjugate of p will also satisfy 
the conclusion; however, we know that if (X, p), (X, p') G A, then p = p', by the 
argument above, so we conclude that p is fixed by all Galois automorphisms of Fp, 
proving it is indeed defined over Fp. 

This proves what we want: if X' is a 5-dimcnsional subspace of V , and if there 
exists {X,Tp) e A such that X C X' , then X' is closed. And if X' is closed, then 
there exists (X, q) e S with X C X' , and this implies the existence of p e P^ with 
(X, p) G A. Thus, X' is closed if and only if it contains ^'(p) for some p G P'^. 
In terms of the groups, it says that a group G of class two, exponent p, with G'^^ 
of rank 4 and [G, G] of order p is capable if and only if [G, G] ^ Z{G). That is, a 
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5-dimensional subspace of V is closed if and only if the corresponding group is not 
extra-special. 

Remark 7.4. The proof that there exist p e P'' such that ^'(p) C X if and only if 
there exists q e P"^ such that T(q) C X can be done purely at an algebraic level; 
see for example [19] . However, I find the geometric argument more satisfying. 

8. Final remarks and questions. 

The gap between our necessary and sufficient condition, unfortunately, grows 
with n. Thus, when n — A the necessary condition allows us to discard the case 
dim{X) = 5 (when X does not contain ^(u) for some nontrivial u G U), while the 
sufficient condition handles the remaining cases with dim(X) < 4. When we move 
to n = 5, however. Theorem 16.131 deals only with dim(X) = 9 (where we are reduced 
to the case n = 4 as above), while Corollary 15.251 dispatches dim{X) < 6, leaving 
us to deal with the cases of dimension 7 and 8. Our success above was achieved 
thanks to the careful geometric analysis of Brahana. With n — 6, Theorem 16.131 
would handle dim{X) — 14 and 15 (we can either reduce to a smaller n, or else 
the subspace is not closed), and CoroUarv 15.251 deals with dim(X) < 7, leaving 
now six potential dimensions open. As n increases, the gap between our numerical 
necessary and sufficient conditions continues to widen, making them less and less 
useful. 

Heineken proved that the necessary condition is sharp, in that there are examples 
of capable groups in which the inequality from Theorem 16.131 is an equality. We 
might likewise wonder if we can sharpen the sufficient condition. There is some hope 
this might be possible, since for example Corollary [OH considers all subspaces of 
dimension strictly larger than X, while Proposition [5710] only requires us to look at 
those subspaces that properly contain X. So we ask: 

Question 8.1. Is the sufficient condition in CoroUarv 1 5. 25\ sharv ? That is, is it 
true that for all n > 1, if m is the smallest integer such that < m < (2) and 
f(m + 1) > n, then there exists X < V such that dim(X) = m and X ^ X** ? 

Note that if we can find a non-closed subspace X < V{n) with dim(X) = k, then 
we can find non-closed subspaces X' < V{n) with dim(X') = r for any r satisfying 
k < r < (2): enlarge X by adding vectors from X** not in X until we obtain a 
subspace of codimension one in its closure; and then continue by adding vectors 
that do not lie in X** until we obtain a subspace of codimension 1 in V(n). So it 
is enough to ask about the smallest value of m with dim{X) = m and X ^ X** . 

For m < 5, the answer to Question 18.11 is affirmative. Consider then n = 6; 
by taking an amalgamated central product of the 2-nilpotent product of two cyclic 
groups of order p and the 2-nilpotent product of 4 cyclic groups of order p we 
can find a non-closed subspace of dimension 9; the least m, however, for which 
/(to -I- 1) > 6 is to = 8. So we ask: 

Question 8.2. Is there a subspace X ofV{6) with dim{X) = 8 and X ^ X** ? 

I do not know the answer to this question yet; I have done a brute force search 
using GAP and have found no examples yet. However, though the search has con- 
sidered over one hundred million subspaces, the total number of eight dimensional 
subspaces of the fifteen dimensional space V{6) is approximately 9.3 x 10^^ if we 
work over F3, so the negative results in this search are hardly significant. 



42 



ARTURO MAGIDIN 



In general, given n, taking an amalgamated central product of two relatively 
free groups, one of rank 2 and one of rank n — 2, and identifying a subgroup of 
order p from each, yields a non-closed subspace of dimension 2n — 3 (we need 
2(n — 2) relations to state the generators from one relatively free group commute 
with those of the other, and one relation to identify one nontrivial commutator from 
each factor with each other) . This is the smallest nonclosed subspace we can obtain 
with amalgamated direct products, but it is not necessarily the smallest non-closed. 
For example, with rt = 8, the amalgamated direct product yields a non-closed X 
of dimension 13; but if we take the amalgamated coproduct of two extra-special 
groups of order and exponent p, identifying the commutator subgroups, we obtain 
a non-closed X of dimension 11 (we will need 5 relations to describe each of the 
extra-special groups, plus one relation to identify the two commutator subgroups). 
This eleven dimensional subspace still falls two short of the 9-dimensional example 
we would need for n = 8 if Corollarv l5.25l is indeed sharp. 
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